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Abstract: We explore various tree-level double copy constructions for amplitudes includ-
ing massive particles with spin. By working in general dimensions, we use that particles
with spins s ≤ 2 are fundamental to argue that the corresponding double copy relations
partially follow from compactification of their massless counterparts. This massless origin
fixes the coupling of gluons, dilatons and axions to matter in a characteristic way (for in-
stance fixing the gyromagnetic ratio), whereas the graviton couples universally reflecting the
equivalence principle. For spin-1 matter we conjecture all-order Lagrangians reproducing
the interactions with up to two massive lines and we test them in a classical setup, where
the massive lines represent spinning compact objects such as black holes. We also test the
amplitudes via CHY formulae for both bosonic and fermionic integrands. At five points, we
show that by applying generalized gauge transformations one can obtain a smooth transi-
tion from quantum to classical BCJ double copy relations for radiation, thereby providing
a QFT derivation for the latter. As an application, we show how the theory arising in the
classical double copy of Goldberger and Ridgway can be naturally identified with a certain
compactification of N = 4 Supergravity.
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1 Introduction
The Bern-Carrasco-Johansson double copy program [1] has demonstrated how certain grav-
itational quantities can be obtained as a square of gauge-theory ones. Originally introduced
for QFT scattering amplitudes with the aim of performing gravitational multiloop compu-
tations [2, 3], the program has seen many incarnations ranging among the construction of
classical space-times [4–10], kinematic algebra realizations [5, 11–13], off-shell extensions
[14–16], and more recently applications to gravitational wave phenomena [17–30].
To test the extent of the double copy, and also to study phenomenologically relevant
setups, it is desirable to introduce fundamental matter in the construction. This has been
done in a number of interesting cases such as quiver gauge theories [31–33], theories with
spontaneously broken symmetries [34, 35] and QCD [36–40]. On the other hand the classical
double copy, in its many realizations, inherently contains massive matter and hence it is
important to clarify the connection between the quantum and classical approaches.
One such step has been taken along refs. [17, 18, 25] which studied gravitational
radiation associated to accelerating black holes from the amplitudes point of view. In a
recent work [41] we have outlined a direct connection of this phenomena with the spin-
multipole expansion, soft theorems and a new operation defining double copy for massive
amplitudes with spin. In this work we will thoroughly expand on this latter aspect and
show how it arises in a purely QFT framework. We will consider tree-level double copy of
massive particles with generic spins and explore several interesting cases.
One of the results of [41] was to obtain graviton-matter amplitudes from double copy
at low multiplicities but generic spin quantum number s. In order to summarize this in a
schematic form, consider a single massive particle of spin-s propagating in a background of
photons. We denote the tree-level amplitude involving n−2 photons and such a massive line
as AQED,sn . Using a symmetric product  we then constructed a gravitational amplitude
involving one or two gravitons and a massive line, as
AGR,s+s˜n ∼ AQED,sn AQED,s˜n , n = 3, 4 (1.1)
where s + s˜ is the spin of the massive line in the graviton amplitude. These amplitudes
and their higher multiplicity extensions are relevant for a number of reasons. First, they
have been recently pinpointed to control the classical limit where the massive lines corre-
spond to compact objects [41–43]. Second, they have been observed to have an exponential
– 1 –
form in accord with their multipole expansion [10, 41, 44–46]. Third, they are dimension-
independent and are not polluted with additional states arising from the double copy [41],
the latter of which will be evident once we provide the corresponding Lagrangians.
In this paper we will rederive and extend (1.1), mainly focusing on the simplest cases
with s, s˜ ≤ 1. These interactions are fundamental in the sense that they have a healthy
high-energy behaviour [47]. By promoting QED to QCD, studying higher multiplicity
amplitudes and the relevant cases for two massive lines, we will identify the gravitational
theories obtained by this construction, as promised in [41]. In order to do this we must
observe that formula (1.1) has implicit a rather strong assumption, namely the fact that the
LHS only depends on the quantum number s+ s˜ and not on s, s˜ individually. For instance,
this means that for gravitons coupled to a spin-1 field, it should hold that
AGR,1n ∼ A
QCD, 1
2
n AQCD,
1
2
n = A
QCD,0
n AQCD,1n , (1.2)
(we have changed QED to QCD in preparation for n > 4). This means Agr,1n not only realizes
the equivalence principle in the sense of Weinberg [48] but extends it to deeper orders in
the soft expansion [41, 46]. In the classical limit, the Agr,sn amplitudes so constructed will
reproduce a well defined compact object irrespective of its double copy factorization. In [41]
we exploited condition (1.2) at arbitrary spin to argue that the 3-point amplitude should
indeed take an exponential structure, which has recently been identified as a characteristic
feature of the Kerr black hole in the sense of [49]. Here we will argue that despite having
arbitrary spin, this 3-pt. amplitude can still be considered fundamental as it is essentially
equal to its high-energy limit, which in fact implies (1.1)-(1.2).
A simple instance of (1.1) for gravitons was verified explicitly by Holstein [50, 51] (see
also [52]) for s = 0 , s˜ ≤ 1. He observed that as gravitational amplitudes have an intrinsic
gravitomagnetic ratio g = 2, the double copy (1.1) can only hold by modifying AQED,13 away
from its “minimal-coupling” value of g = 1. This modification yields the gyromagnetic ratio
g = 2 characteristic of the electroweak model and was proposed as natural by Weinberg
[53]. As observed long ago by Ferrara, Porrati and Telegdi [54] this modification precisely
cancels all powers of 1/m2 in AQED,14 , which otherwise prevented the Compton amplitude to
have a smooth high-energy limit. This is a crucial feature, as it hints that the theories with
a natural value g = 2 have a simple massless limit, and indeed can be obtained conversely
by compactifying pure massless amplitudes at any multiplicity. Furthermore, it was pointed
out in [55] (and recently from a modern perspective [47]) that the appearance of 1/m2 can
be avoided up to s = 2 in the gravitational Compton amplitude AGR,s4 since it corresponds
to fundamental interactions. By working on general dimensions, we will see that indeed
all such fundamental amplitudes follow from dimensional reduction of massless amplitudes,
and ultimately from a compactification of a pure graviton/gluon master amplitude. This
is the underlying reason they can be arranged to satisfy (1.1), which in turn simplifies the
multipole expansion as we exploited in [41].
On a different front, it has long been known that the squaring relations in the massless
sector yield additional degrees of freedom corresponding to a dilaton φ and 2-form potential
Bµν . Their classical counterparts also arise in classical solutions (e.g. string theory back-
– 2 –
grounds [56–59]) and therefore emerge naturally (and perhaps inevitably) in the classical
double copy [4, 6, 17, 19]. It is therefore natural to ask whether the condition (1.2) also
holds when the massless states involve such fields. As we have explained this is a non-trivial
constraint, and in fact, it only holds for graviton states! To exhibit this phenomena we are
led to identify two different gravitational theories, which we refer to as 12 ⊗ 12 and 0 ⊗ 1
theories for brevity. The corresponding tree amplitudes will be constructed as
A
1
2
⊗ 1
2
n ∼ AQCD,
1
2
n ⊗AQCD,
1
2
n , A
0⊗1
n ∼ AQCD,0n ⊗AQCD,1n (1.3)
We conjecture that at all orders in κ =
√
32piG such tree-level interactions follow from the
more general Lagrangians,
L 12⊗ 12√
g
= − 2
κ2
R+
(d− 2)
2
(∂φ)2 − 1
4
e(d−4)φF IµνF
µν
I +
m2I
2
e(d−2)φAIµA
µ
I , (1.4)
and
L0⊗1√
g
=− 2
κ2
R+
(d− 2)
2
(∂φ)2 − e
−2κφ
6
Hµνρ(H
µνρ +
3κ
2
AµIF
νρ
I )
− 1
4
e−κφF IµνF
µν
I +
m2I
2
AIµA
µ
I + quartic terms , (1.5)
where H = dB is the field strength of a two-form B. Here a sum over I = 1, 2, the flavour
index, is implicit and "quartic terms" denote contact interactions between two matter lines
that we will identify. These actions will be constructed in general dimensions from simple
considerations such as 1) classical behaviour and 2) massless limit/compactification in the
string frame. We will then cross-check them against the corresponding QFT amplitudes
using modern tools such as massive versions of CHY [60–63] and the connected formalism
[64–66]. In the massless limit, the 12 ⊗ 12 Lagrangian is known as the Brans-Dicke-Maxwell
(BDM) model with unit coupling [67]. This theory is simpler than 0⊗ 1 in many features,
for instance in that the B-field is not sourced by the matter line and it does not feature
quartic interactions. Not surprisingly, in d = 4 and in the massless limit the 0 ⊗ 1 theory
reproduces the bosonic interactions of N = 4 Supergravity [68, 69], which is known to arise
as the double copy between N = 4 Super Yang-Mills (SYM) and pure Yang-Mills (YM)
theories [70]. In general dimension we will see that the 0 ⊗ 1 theory is precisely the QFT
version of the worldline model constructed by Goldberger and Ridgway in [19, 23] and later
extended in [21, 24] to exhibit a classical double copy construction with spin. This explains
their findings on the fact that the classical double copy not only fixes g = 2 on the YM
side, but also precisely sets the dilaton/axion-matter coupling on the gravity side.
The long-range radiation of a two-body system, emerging in the classical double copy,
has been directly linked to a five-point amplitude at leading order [17, 28, 41, 71]. We show
that by implementing generalized gauge transformations [1] one can define a BCJ gauge in
which the ~ → 0 limit is smooth, i.e. there are no "superclassical" ∼ 1~ contributions to
cancel [71]. The result precisely takes the form derived in [41] from different arguments,
which allows us to translate between the QFT version of the double copy and a classical
– 3 –
version of it. We employ this formulae to test double copy in several cases, including the
computation of dilaton-axion-graviton radiation with spin [21, 24].
This paper is organized as follows. In Section 2 we introduce the double copy for one
matter line by studying its massless origin, focusing on the 12⊗ 12 theory and later extending
it in more generality. In section 3 we construct the Lagrangians for both QCD and Gravity
from simple arguments, which are then checked against the previous amplitudes. In section
4 we extend both the amplitudes and the Lagrangian construction to two matter lines
and define the classical limit to make contact with previous results. In the appendices we
provide some further details on the constructions. We also perform checks such as tree-level
unitarity and explicit evaluation via the CHY formalism.
Note Added.
During the final stages of this project we were informed of the publication of [72] which
has considered the full spectrum of the (12 ,
1
2) theory in d = 4 dimensions. In contrast,
here we have found a consistent tree-level truncation of the matter spectrum which holds in
general dimensions. We are grateful to the authors for sharing their manuscript, which led
us to include Appendix A to show that both constructions are consistent in d = 4 (see also
Appendix B). In addition, refs. [43, 73] have appeared, which have focused on scalars and
have also employed the compactification to construct the relevant gravitational amplitudes,
AGR,0n .
2 Double Copy from Dimensional Reduction
In this section we will introduce the double copy construction by considering a single massive
line. In this case one should expect the double copy to hold for massive scalars as their
amplitudes can be obtained via compactification of higher dimensional amplitudes [29,
43, 52]. Here we will explicitly demonstrate how this holds even for the case of spinning
matter as long as such particles are elementary. This means we consider particles of spin
s ≤ 2 coupled to GR and particles of spin s ≤ 1 coupled to QCD, in accordance with
the notion of [47], see also [55, 74]. The fact that these amplitudes can be chosen to have
a smooth high-energy limit can be used backwards to construct them directly from their
massless counterparts. On the other hand, once the double copy form of gravitational-
matter amplitudes is achieved one may use it to manifest properties such as the multipole
expansion [41].
2.1 The 12 ⊗ 12 construction
Let us consider first the case s = s˜ = 12 in (1.1) and relegate the other configurations for
the next section. For D = 4 massless QCD, the double copy procedure was first studied by
Johansson and Ochirov [36]. In particular they observed that Weyl-spinors in QCD can be
double copied according to the rule 2⊗ 2 = 2⊕ 1⊕ 1, where the two new states correspond
to a photon γ± and the remaining ones to axion and dilaton scalars. This implies that we
can obtain amplitudes in a certain Einstein-Maxwell theory directly from massless QCD.
More precisely, for two massive particles we can write
– 4 –
A
1
2
⊗ 1
2
n (γ
−
1 H3· · ·Hnγ+2 ) =
∑
αβ
Kαβ[2|AQCDn,α (g· · ·g)|1〉〈1|A¯QCDn,β (g· · ·g)|2], (2.1)
(A¯ here denotes charge conjugation, which will be relevant in the massive case). In the
gravitational amplitude the two photon states γ+1 ,γ
−
2 make a massive-line while interacting
with the “fat” states Hi. The latter are obtained from the double copy of the gluons gi, and
can be taken to be either a Kalb-Ramond field1, a dilaton or a graviton by projecting the
product representation into the respective irreps.,
Hµνi → µi ˜νi = [µi ˜ν]i︸ ︷︷ ︸
Bµν
+
ηµν
D − 2i · ˜i︸ ︷︷ ︸
ηµν φ√
D−2
+
(

(µ
i ˜
ν)
i −
ηµν
D − 2i · ˜i
)
︸ ︷︷ ︸
hµν
. (2.2)
The sum over α, β in (2.1) ranges over (n − 3)! orderings, where Kα,β is the standard
KLT kernel [75, 76].2 This construction can be implemented because for a single massive
line we can take the matter particles to be either in the fundamental or in the adjoint
representation and the basis of partial amplitudes will be identical [36]. In section 4 we will
switch to a more natural prescription for the case of two matter lines.
The RHS of (2.1) exhibits explicitly the helicity weight ±12 associated to the Weyl
spinors v−1 = |1〉 and u¯+2 = [2| of the (massless) matter particles. This means the operators
AQCD and A¯QCD , defined as the amplitude with such spinors stripped, do not carry helicity
weight. They can be written as products of Pauli matrices σµ, σ¯µ where the free Lorentz
index is contracted with momenta pµi or gluon polarizations 
µ
i , as we will see in the examples
of the next section. We can alternatively write them in terms of the corresponding spinor-
helicity variables as in [37].
Quite generally, the LHS of (2.1) defines a gauge invariant quantity due to the fact that
it is constructed from partial gauge-theory amplitudes. It also has the correct factorization
properties (see e.g. [3, 77]). Furthermore, by providing the Lagrangian it will become
evident that when the states Hi are chosen to be gravitons the amplitude we get for a
single matter-line is that of pure Einstein-Maxwell theory, where the dilatons and axions
simply decouple. This decoupling is one of the key properties of these objects, which we
have exploited in [41]. Similarly, the decoupling of further matter particles will be treated
in Appendix B.
In order to extend (2.1) to the massive case we rewrite it in a way in which it is
not sensitive to the dimension, and then use dimensional reduction. This can be done
by introducing polarization vectors for the photons γ±. Recall that a photon polarization
vector can be taken to be +µ σµ =
√
2 |µ〉[p|〈µp〉 where [µ| is a reference spinor carrying the gauge
freedom, and analogously −µ σ¯µ =
√
2 |µ]〈p|[µp] . We then have the identity
1In D = 4 this field can be dualized to an axion pseudoscalar. We will indistinctly refer to the two-form
Bµν as axion or Kalb-Ramond field.
2 We define the KLT kernel with no coupling constants and discard overall factors of i in the amplitudes.
The replacement rule from the gauge theory coupling e, and the gravitational coupling κ, is (2e)2 → κ. We
also use the conventions for the metric in the mostly minus signature.
– 5 –
[2|X|1〉〈1|Y¯ |2] = Tr(X|1〉[1µ1]〈1|Y¯ |2]〈2µ2〉|2])
[1µ1]〈2µ2〉 , (2.3)
=
1
2
Tr
(
Xp¯11Y¯ p2¯2
)
, (2.4)
where the bottom line now can be naturally extended to higher dimensions.3 It is manifestly
gauge invariant since the shift i → i + pi is projected out due to pip¯i = 0.
Using this identity, the double copy (2.1) can be uplifted to dimension D = 2m as
A
1
2
⊗ 1
2
n (γ1H3 · · ·Hnγ∗2) =
1
2
∑
αβ
KαβTr(A
QCD
n,α (g· · ·g)p¯11A¯QCDn,β (g· · ·g)p2¯2). (2.5)
Note that the operators AQCDn , A¯QCDn in (2.1) are defined under the support of the Dirac
equation. This means that they can be shifted by operators proportional to p1 or p2.
The insertion of p1, p2 in (2.5) certainly projects out these contributions by using the on-
shell condition pp¯ = p¯p = 0. For instance, if the matrix operator AQCDn is shifted by
p2µσ
µ the QCD amplitude v¯2A
QCD
n u1 is invariant, and consistently (2.5) picks up no extra
contribution, i.e.
Tr(p2p¯11A¯
QCD
n,β (g · · · g)p2¯2) = −Tr(p2p2p¯11A¯QCDn,β (g · · · g)2) = 0, (2.6)
where we used p2¯2 = −2p¯2. This kind of manipulations are usual when bringing the QCD
amplitude into multipole form [41] to make explicit the corresponding form factors.
We now proceed to dimensionally reduce our formulae in order to obtain a KLT expression
for massive spin-12 particles. This follows from a standard KK compactification on a torus,
as we explain in the next section. In terms of momenta, we can define the d = D − 1
components p1 and p2 via
P1 = (m, p1),
P2 = (−m, p2),
Pi = (0, ki), i ∈ {3, . . . , n}
(2.7)
which trivially satisfies momentum conservation in the KK component, which we take with
minus signature. We also take all momenta outgoing. In terms of Feynman diagrams, the
reduction induces the flow of KK momentum through the only path that connects particles
p1 and p2. The propagators in this line are deformed to massive propagators as
1
P 2I
=
1
p2I−m2
, (2.8)
3We represent the Dirac algebra in terms of the 2D/2× 2D/2 matrices ΓµD =
(
0 σµD
σ¯µD 0
)
and define X =
Xµσ
µ
D, X¯ = Xµσ¯
µ
D etc. The extension of (2.4) to general dimension simply states that linear combinations
cabu
a
i v¯
b
i of the Weyl spinors can be replaced as cabvai u¯bi = pi¯i for some particular choice of 
µ
i depending
on cab. A formula for general dimension is of course obtained by replacing σµ, σ¯µ → Γµ, which in D = 4
also reduces to (2.4).
– 6 –
where PI = (m, pI) is the internal momentum. The procedure works straightforwardly
when compactifying more particles as long as the KK lines do not cross (i.e. we will not
allow interactions between massive particles), as we will explain in the case of two matter
lines.
By applying these rules to (2.5) the amplitudes Agr, AQCD now contain massive lines and
lead to a (gravitational) Proca theory and the massive QCD theory in d = D−1 dimensions,
respectively. This can be observed easily by applying the dimensional reduction to the
Lagrangian as we do in Section 3. In the case of the spin-1 theory we choose the polarization
vectors 1,2 to be d-dimensional, i.e.  → (0, ε), so that the transverse condition ·P = 0
now imposes ε·p = 0. In the QCD case we note that the Dirac equation now becomes
(pµΓ
µ
d)u = mu,
(pµΓ
µ
d)v = −mv,
(2.9)
where we have used
σD = (I,Γd) , σ¯D = (−I,Γd) , (2.10)
in the chiral representation. The construction (2.5) now reads
A
1
2
⊗ 1
2
n (W1H3· · ·HnW ∗2 )=
1
2bd/2c−1
∑
αβ
KαβTr(A
QCD
n,α (g· · ·g)(/p1−m)/ε1A¯
QCD
n,β (g· · ·g)(/p2−m)/ε2),
(2.11)
where the normalization factor follows from the Dirac trace tr(I) = 2bD/2c. As this only uses
d-dimensional Dirac matrices we will assume this construction is dimension-independent.
From now on we refer to this theory as the 12 ⊗ 12 theory because it is constructed from
two (conjugated) copies of massive QCD. As in the massless case, the role of the projectors
/pi±m is to put the QCD amplitudes on the support of the massive Dirac equation. With a
slight abuse of notation, we have left here the symbol Kαβ for the massive KLT kernel, this
simply corresponds to the inverse of the biadjoint amplitude involving two massive scalars
of the same species, Kαβ = m−1n (α|β), see e.g. [78] for details on this theory.
We have thus derived an explicit KLT relation for massive amplitudes of one matter
line, (2.11) as a direct consequence of the massless counterpart. The resulting theory will be
extended to two matter lines in Section 4. The partial amplitudes AQCDn,α are associated to
Dirac spinors in general dimension, as opposed to Majorana ones, and hence the resulting
spin-1 field is a complex4 Proca state coupled to gravity. Moreover, it follows from the
massless case that when all the gravitational states Hi are chosen as gravitons the dilaton
and axion field decouple, and the theory simply corresponds to Einstein-Hilbert gravity
plus a covariantized (miminally coupled) spin-1 Lagrangian. We will see that this holds
quite generally and is consistent with our observations in [41] for generic spin.
In our formula the states Hi denote the fat gravitons (2.1) characteristic of the double
copy construction. However, a particular feature arises in that amplitudes with an odd
number of axion fields vanish. This can be traced back to the symmetry in the two QCD
factors of the 12 ⊗ 12 construction. To see this, let us slightly rewrite (2.11) as
4We thank Henrik Johansson for emphasizing this.
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A
1
2
⊗ 1
2
n (W1H
µ1ν1
1 · · ·Hµn−2νn−2n−2 W ∗2 ) =
∑
αβ
Kαβ(A
QCD
n,α )
µ1···µn−2 ⊗ (AQCDn,β )ν1···νn−2 , (2.12)
where
X ⊗ Y = 1
2bd/2c−1
Tr(X(/p1−m)/ε1Y¯ (/p2−m)/ε2). (2.13)
It is not hard to check that (see for instance the explicit form in (2.1))
(AQCDn,α )
µ1···µn−2 ⊗ (AQCDn,β )ν1···νn−2 = (AQCDn,β )ν1···νn−2 ⊗ (AQCDn,α )µ1···µn−2 . (2.14)
Now, since the Kernel Kαβ in (2.12) can be arranged to be symmetric in α↔ β, this implies
that the RHS of (2.12) is symmetric under the exchange of all µi ↔ νi at the same time,
namely (µ1, µ2 . . .) ↔ (ν1, ν2 . . .). However, if we antisymmetrize an odd number of pairs
{µk, νk}, i.e. compute the amplitude for an odd number of axions, and symmetrize the
rest of the pairs, we obtain an expression which is antisymmetric under the full exchange
(µ1, µ2 . . .)↔ (ν1, ν2 . . .). Hence amplitudes with an odd number of axions must vanish.
The above considerations imply that the axion field is pair-produced and cannot be
sourced by the Proca field, even in the amplitudes with more matter lines. This is surprising
from the gravity side since it is known that the axion couples naturally to the spin of matter
particles. In Appendices A and B we will specialize the construction to d = 4: In particular
we will show that being a pseudoscalar, the axion can only be sourced when the Proca
field decays into a massive pseudoscalar as well, as considered very recently in [72]. The
massless version of this corresponds to pick anticorrelated fermion helicities in the RHS
of (2.1) which leads to massless (pseudo)scalars instead of photons γ± [36]. The analysis
becomes more involved in higher dimensions. For our purposes here we can neglect these
processes and simply keep the theory containing a Proca field, a graviton and a dilaton as
a consistent truncation of the spectrum in arbitrary number of dimensions.
A further clarification is needed regarding the compactification and the dilaton states.
In the massless case these are obtained via the replacement
µ¯i ˜
ν¯
i →
ηµ¯ν¯√
D − 2 , (2.15)
where we have denoted the indices as µ¯, ν¯ to emphasize that the trace is taken in D = d+1
dimensions. However, after dimensional reduction we have µ¯ → µ, and we extract the
corresponding dilaton via
µi ˜
ν
i →
ηµν√
d− 2 . (2.16)
This means that taking the dimensional reduction does not commute with extracting dilaton
states, as e.g. terms of the form P1 ·  P2 · ˜ are projected to P1 · P2 = p1 · p2 + m2 in the
first case and to p1 · p2 in the second case. We will adopt the second construction: first
implement dimensional reduction on the fat states, and then project onto either dilatons
or gravitons.
– 8 –
Let us close this subsection by providing some key examples of this procedure for
n = 3, 4. The 3-pt. dilaton amplitude from (2.11), using (2.1), gives
A
1
2
⊗ 1
2
3 (W 1φW
∗
2 ) =
2K3
2bd/2c
√
d− 2Tr(A
µ
3/ε1(/p1−m)A¯3µ/ε2(/p2−m)), (2.17)
=
κ
2
√
d− 2(2m
2ε1·ε2+(d− 4)k3·ε1k3·ε2), (2.18)
where we have use the momentum conservation p1 +p2 +k3 = 0, and the dilaton projection
µ3 ˜
ν
3 → η
µν√
d−2 . This example will exhibit one the main differences between the
1
2 ⊗ 12
construction and the other cases, namely that the dilaton (and the axion) fields couple
differently to matter in each case, as opposed to gravitons which couple universally.
Now we can move on to n = 4. The only independent QCD amplitude reads
Aµ3µ44,1324 =
−e2γµ4(/p1+/k3−m)γµ3
(p1 + k3)2 −m2 +
−e2γµ3(/p1+/k4−m)γµ4
(p1 + k4)2 −m2 . (2.19)
Analogously,
A¯µ3µ44,1324 =
−e2γµ3(/p1+/k3+m)γµ3
(p1 + k3)2 −m2 +
−e2γµ4(/p1+/k4+m)γµ3
(p1 + k4)2 −m2 , (2.20)
where the conjugated amplitude is obtained by inverting the direction of the massive line.
Note that this ordering corresponds to the QED amplitude.
The full Compton amplitude for fat gravitons can be computed from the double copy
(2.11),
A
1
2
⊗ 1
2
4 (W1H
µ3ν3
3 H
µ4ν4
4 W
∗
2 ) =
1
2bd/2c−1
K1324,1324 tr
[
Aµ3µ44 /ε1(/p1+m)A¯
ν3ν4
4 /ε2(/p2+m)
]
,
(2.21)
where the massive KLT kernel takes the compact form
K1324,1324 =
2p1·k3 p1·k4
k3·k4 . (2.22)
For instance, the two-dilaton emission amplitude reads
A
1
2
⊗ 1
2
4 (W1φ3φ4W
∗
2 )=
κ2ε1,αε
∗
2,β
32(d− 2)p1·k3 p1·k4k3·k4
{[
(d−4)2s234−16(d−2)p1·k3p2·k3
]×[
p1·k3kα4 kβ3 +p2·k3(kα3 kβ4 +p1·k3ηαβ)
]
+2m2s34
[
4p1·k3
(
kα4 k
β
3−kα3 kβ4
+2p2·k3ηαβ
)
+s34
(
(d−4)(kα3 kβ3 +kα4 kβ4 )− 2(kα3 kβ4 +m2ηαβ)
)]}
,
(2.23)
which again exhibits explicit mass dependence in accord with our discussion. On the other
hand, extracting the pure graviton emission from (2.1) gives
A
1
2
⊗ 1
2
4 (W1h3h4W
∗
2 ) =
κ2ε1,αε
∗
2,β
2p1·k3 p1·k4 k3·k4 p1·F3·F4·p1
[
p1·p3Fµα4 F β3,µ+
p1·k4Fµα3 F β4,µ+Fαβ3 p1·F4·p2+Fαβ4 p1·F3·p2+p1·F3·F4·p1ηαβ
]
,
(2.24)
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where Fµνi = 2k
[µ
i 
ν]
i . Quite non-trivially, we find that the Dirac trace leads to a factorized
formula. The underlying reason is of course that the graviton amplitudes are universal as
announced. This means this results can also be obtained via the 0 ⊗ 1 factorization that
we introduce in the next subsection.
2.1.1 Exempli Gratia: The Multipole Expansion
We have introduced the operation (2.11) with a slight modification in [41]. This is be-
cause the main utility of this construction is not the fact that we can build gravitational
amplitudes by ’squaring’ those of QCD (we have just seen that the former follow from a
dimensional reduction of the Einsten-Maxwell system), but the fact that by rearranging the
massive QCD amplitudes in a multipole form we obtain a multipole expansion on the grav-
itational side. To our knowledge there is no systematic way of performing such expansion
in general (however, see [79] for a recent discussion).
For spin 12 the multipole expansion is obtained by writing the operator A
QCD
n in powers
of the intrinsic angular-momentum operator Jµν = γ
µν
2 =
1
4γ
[µγν]. This is usually achieved
by employing the Dirac equation. For instance, at n = 3 it is easy to derive the textbook
identity
u¯2A
QCD
3 v1 ∝ mµu¯2γµv1 = 3 · p1u¯2v1 −
g
4
k3µ3ν u¯2γ
µνv1 (2.25)
which also holds for the operators in (2.11) as they are under the support of the Dirac
equation. The first term we call the scalar piece while the second we associate to a dipole
[50, 51]. Here we interpret g = 2 as the corresponding form factor and its (tree-level) value
is fixed for a Dirac spinor coupled to a photon/gluon. In the following sections we shall see
that this is not true for higher spins and in fact it is the double copy criteria above what
fixes g = 2 in general [41, 50, 51].
Now consider two such multipole operators X,Y , namely X ∼ (γµν)p and Y ∼ (γµν)q
acting on Dirac spinors. As they involve an even number of gamma matrices, and the Dirac
trace vanishes for an odd-number of such, we have
Tr(X(/p1−m)/ε1Y¯ (g· · ·g)(/p2−m)/ε2) = Tr(Xp1ε1Y¯ p2ε2) +m2Tr(Xε1Y¯ ε2), (2.26)
where the conjugated operator Y¯ is obtained by γµν → −γµν . In the cases studied in [41]
(for n = 3, 4) both terms in the RHS coincide and hence we defined the double copy product
simply as
X  Y = 1
2bD/2c
Tr(Xε1Y¯ ε2), (2.27)
i.e. using twice the second term. At s = 12 we explicitly tested this definition for operators
up to the quadratic order in γµν . Let us here just recall the example of A3, which exhibits
an explicit exponential form. Combining the Dirac algebra with 3-pt. kinematics we find
(kµνγ
µν)2 = 0, which we use to rewrite (2.25) as
u¯2A
QCD
3 v1 ∝  · p1 × u¯2eJv1 , (2.28)
where J is a Lorentz generator that reads
J = −k3µ3ν
3 · p1 J
µν = −k3µ3ν
3 · p1
γµν
2
. (2.29)
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While the second equality holds for s = 12 , the generator J itself makes sense in any
representation [41]. In the representation (Jµν)αβ = η
α[µδ
ν]
β we can check that (e
J)βαpα1 =
(p1 + k)
β = −pβ2 and hence the generator acts as a boost p1 → −p2. Now we can plug the
operator (2.28) and its conjugate in (2.26) and check that in fact both terms yield the same
contribution:
AQCD3 ⊗AQCD3 ∝ Tr(eJ(/p1−m)/ε1e−J(g· · ·g)(/p2−m)/ε2), (2.30)
= Tr(eJp1e
−JeJε1e−Jp2ε2) +m2Tr(eJε1e−Jε2), (2.31)
= −Tr(p2ε˜2p2ε2) +m2Tr(ε˜2ε2) = 2m2Tr(I)ε˜2 · ε2, (2.32)
where ε˜α2 = (eJ)αβε
β
1 is a new polarization state for p2, that is, it satisfies p2 · ε˜2 = 0. Thus
we obtain the gravitational (Proca) amplitude as
A
1
2
⊗ 1
2
3 ∝ 3 · p1 × ε2 · eJ · ε1 = 3 · p1ε2 · ε1 + k3µ3νεα2 (Jµν)βαε1β. (2.33)
This simple example shows that the exponential form is preserved under double copy (this is
particular of n = 3), but more importantly it shows the general fact that, as observed in [41],
the gravitational amplitude is obtained in multipole form as well. The multipole operators
can be double copied via general rules, and in turn the resulting multipole expansion can
be used to decode the classical information contained in the amplitude.
2.2 General case with s, s˜ ≤ 1
Let us now give general considerations regarding the massive KLT construction for s, s˜ ≤ 1.
Following the philosophy of [47] we know massive amplitudes in GR (for s ≤ 2) and QCD
(for s ≤ 1) can be adjusted so that they posses a smooth high energy limit, i.e. they are
free of 1/m terms. This criteria was used as a definition of minimal coupling [47] in these
cases and completely fixed the n = 3 amplitudes. On the other hand, it is known that
for higher spins the situation changes drastically and such divergences cannot be avoided
[55, 74] (more recently, see [45]), which reflects the fact that interacting massless higher
spins theories are inconsistent [47, 80]. Here we will exploit the fact that at low spins the
minimal coupling amplitudes are “1/m-free” to construct them directly from their massless
version via dimensional reduction. We will also see how this criteria interacts with the
double copy and the natural value of g (as defined in the previous section), making contact
with the results of e.g. [45, 50, 51, 54, 81].
From a purely group-theoretical perspective it is direct to construct massive states in
general dimensions for spins s = 0, 12 , 1,
3
2 , 2 out of products of two lower spins. The cases
s = 0 = 0 + 0 and s = 12 = 0 +
1
2 are obvious while the cases for s = 1 we have already
introduced. The remaining situations are 2 = 1 + 1 and 32 =
1
2 + 1, i.e.
5
5Even though these projections hold in arbitrary dimension, in general for d > 4 we will have an increased
number of states labeled by additional Casimirs of the Lorentz group and not just the spin quantum number
[82].
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εµε˜ν → φµν = ε(µε˜ν) −
(
ηµν − p
µpν
m2
)
ε · ε˜, (2.34)
ψαεµ → Ψαµ = ψαεµ − εν (γ
µγνψ)
α
d
. (2.35)
Our goal is to construct an interacting theory containing only such massive states (e.g.
φ or Ψ) but no other massive particle, i.e. as consistent truncation of the full double
copy. For the case s = 32 we note that we will only consider the product 1 +
1
2 and not
0+ 32 . This is because, at massless level, theories with an interacting gravitino field are well
known to be inconsistent unless coupled to GR, and hence the factor 32 in this construction
cannot correspond to a QCD theory.6 A similar situation holds for the case 0 + 2, see e.g.
[74, 85, 86].
Detour: Arbitrary spin at n = 3
The massless origin of all these constructions should be by now clear. Let us take a brief
detour to emphasize some remarkable properties at n = 3. In D = 4, the massless three-
point amplitude is fixed from helicity weights as [80],
Ah3,h3 ∼
(〈13〉
〈23〉
)2h(〈13〉〈32〉
〈12〉
)h3
, (2.36)
for an state of arbitrary h emitting a gluon (h3 = 1) or a graviton (h3 = 2). Consequently,
it directly satisfies the double copy relation
Agr,h+h¯3 = K3A
QCD,h
3 A
QCD,h¯
3 . (2.37)
On the other hand, by implementing the multipole expansion, in [41] we have found that
the same relation can be imposed for massive amplitudes of arbitrary spin, and fixes their
full form as
Ah3,s3 ∼ (3 · p1)h3 exp
(
−k3µ3ν
3 · p1 J
µν
s
)
, (2.38)
where Jµνs is the generator in e.g. (2.29) naturally adapted to higher spin s.7 Observe that
this form does not depend explicitly on the mass and, as noted in [89], reduces to (2.36)
when written in terms of the D = 4 spinor helicity variables.8 Hence (2.38) is nothing
6Even though spin- 3
2
QED can be made free of 1/m divergences [54] as opposed to s ≥ 2, unitarity and
causality inconsistencies (related to the Velo-Zwanziger problem [83]) have been stressed in e.g. [81, 84].
7A local form of this amplitude can be found in [41, 87, 88], which however features 1/m divergences.
8For a quick derivation of this fact write the polarization tensors as 1 ∝
(
|1〉[µ1|
[1µ1]
)h
and 2 ∝
(
|2]〈µ2|
〈2µ2〉
)h
,
together with k3µ3ν
3·p1 J
µν = 〈12〉〈32〉 〈3 ∂∂λ1 〉 as in e.g. [90]. Then
2 · e
〈12〉
〈32〉 〈3 ∂∂λ1 〉1 = 〈µ2|e
〈21〉
〈32〉 〈3 ∂∂λ1 〉|1〉h
(
[µ12]
[1µ1]〈µ22〉
)h
=
(
〈µ21〉 − 〈12〉〈µ23〉〈32〉
)h(
[µ12]
[1µ1]〈µ22〉
)h
=
( 〈31〉
〈32〉
)2h
where we have used that e
〈12〉
〈32〉 〈3 ∂∂λ1 〉 acts as a Lorentz boost on |1〉 [41]. Finally, the h3 dependence is
also the same in (2.36) and (2.38).
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but the natural extension of (2.36) to generic dimension and helicities, whose dimensional
reduction in the sense of the previous section is trivial. Curiously, when interpreted as a
D = 4 massless amplitude this object is known to be inconsistent with locality for |h| > 1
(or analogously s > 1) whereas in the massive case it has the physical interpretation given
in [10, 44, 45]. On the other hand, these inconsistencies will only appear in the “four-point
test” [47, 80], namely by computing AQCD4 or A
gr
4 . In the massive case they can be cured
by including contact interactions [45].
Arbitrary multiplicity at low spins
From the above discussion we see that at least at low spins we can extend the relation (2.37)
and its compactification to arbitrary multiplicity, since the massless theory is healthy. The
starting QCD theories for scalars, Dirac fermions and gluons are standard and catalogued
in the next section. Let us then write
Ah+h¯n (ϕ
h+h¯
1 H3 · · ·Hnϕ−h−h¯2 ) :=
1
2
∑
αβ
KαβA
QCD
n,α (ϕ
h
1 · · ·ϕ−h2 )AQCDn,β (ϕh¯1 · · ·ϕ−h¯2 ), (2.39)
where we have denoted by ϕhi the state of helicity h and particle label i. This extends the
relation (2.1) for the cases h, h¯ ≤ 1. We can also uplift it to arbitrary dimensions. Following
the previous section we first rewrite the amplitudes in terms of the corresponding polar-
ization vectors/spinors and the implement the tensor products ⊗ between representations
(besides the trivial cases, these are just the massless versions of (2.34)). For simplicity of the
argument we regard (2.39) as a definition of the object Agrn , and we claim that it corresponds
to a tree-level amplitude in a certain QFT coupled to gravity. We recall from the previous
section that this is because 1) diffeomorphism (gauge) invariance and crossing-symmetry
are manifest and 2) tree-level unitarity follows from general arguments [3, 77]. This means
that we just need to construct a corresponding Lagrangian to identify the theory, which we
will do in some cases in Section 3.
We have already explained how under the dimensional reduction D = d + 1 → d we
obtain massive momenta and the corresponding propagators. We have also shown how the
D-dimensional polarization vectors/spinors of the compactified particles, εµ and uα, can
now be regarded as satisfying the corresponding massive wave equations. The result of
(2.39) after this procedure leads to the general formula for one-massive line
As+s˜n (ϕ
s+s˜
1 H3 · · ·Hnϕs+s˜2 ) :=
1
2
∑
αβ
KαβA
QCD
n,α (ϕ
s
1· · ·ϕs2)⊗AQCDn,β (ϕs˜1· · ·ϕs˜2). (2.40)
which holds for s, s˜ ≤ 1 and has a smooth high-energy limit by construction. Thus, this
gives a double-copy formula for the minimally-coupled partial amplitudes defined in the
sense of [47].
Even though we have not yet specified the theory, let us momentarily restrict the states
Hi to gravitons. We have explicitly checked, by inserting massive spinor-helicity variables,
that inD = 4 we can obtain the gravitational and QCD amplitudes given in [47] for n = 3, 4,
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see (2.44) below. This establishes a D = 4 double-copy formula between these amplitudes,
analogous to the one studied in Appendix A. In general dimensions, we have also checked
that this agrees with the amplitudes and double copy for s = 0, s˜ 6= 0 pointed out in [52].
More generally we can use (2.34) to recover the 1 ⊗ 1 construction studied by us in [41]
or extend it with the case 1 ⊗ 12 . We remark that these are precisely the gravitational
amplitudes used to obtain perturbative black hole observables in [44, 46, 89, 91, 92], and
that for the all-graviton case the LHS of (2.40) is unique given the sum s+ s˜ [41].
We now provide simple examples to illustrate these points.
2.2.1 Non-universality of Dilaton Couplings
As opposed to gravitons, we have anticipated that the dilaton field couples differently in
the 0⊗ 1 than in the 12 ⊗ 12 case. So let us compute the amplitude A3(W1φW ∗2 ) via double
copy of s = 0 and s = 1. This is to say, we take the trace of
A0⊗13 (W1H
µνW ∗2 ) = A
µ,QCD,s=0
3 (ϕ1g
µϕ2)A
ν,QCD,s=1
3 (W1g
νW ∗2 ) (2.41)
i.e. the 0 ⊗ 1 double copy, and contrast it with (2.18) from the 12 ⊗ 12 double copy. The
spin-1 QCD factor arising from dimensional reduction is equivalent to a covariantized Proca
action plus a correction on the gyromagnetic ratio g, see next section. The result of (2.41)
can be read off from eq. (3.15) below. The trace gives
A0⊗13 (W1φW
∗
2 ) =
κ√
d− 2
(
m2ε1·ε2 + k3·ε1 k3·ε2
)
, (2.42)
and in fact differs from (2.18) in a term proportional to ε1·k3 ε2·k3, controlled by a cou-
pling φF 2 with the matter field that we will soon derive. At first this may look like a
contradiction given that we pinpointed the massless origin of this double copy, namely eq.
(2.37). Here A3(W1φW ∗2 ) should be uniquely fixed by little-group as happened for the
graviton case (2.38). The difference however lies in the coupling constant, which vanishes
in the d→4 ,m→0 limit for A
1
2
⊗ 1
2
3 (W1φW
∗
2 ) but not for A
0⊗1
3 (W1φW
∗
2 ). Hence the reason
why graviton amplitudes are the same in both 12 ⊗ 12 and 0⊗ 1 double-copies is not only be-
cause of its massless form (2.36), but also because the coupling κ is fixed by the equivalence
principle.
2.2.2 Compton Amplitude and the g factor
Moving on to n = 4, we can explore the interplay between the double copy and the multipole
expansion. Let us first quote here the spin-1 QCD result for general gyromagnetic factor g
computed by Holstein in [50]
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AQCD,s=14 (1324) =e
2
{
− 2ε1 · ε2
[
3 · p14 · p2
p1 · k3 +
3 · p24 · p1
p1 · k4 + 3 · 4
]
− g
[
ε1 · F4 · ε2
(
1 · p1
p1 · k3 −
1 · p2
p1 · k4
)
+ ε1 · F3 · ε2
(
4 · p2
p1 · k3 −
4 · p1
p1 · k4
)]
+ g2
[
1
2p1 · k3 ε1 · F3 · F4 · ε2 −
1
2p1 · k4 ε1 · F4 · F3 · ε2
]
− (g − 2)
2
m2
[
1
2p1 · k3 ε1 · F3 · p1ε2 · F4 · p2
− 1
2p1 · k4 ε1 · F4 · p1ε2 · F3 · p1
]}
,
(2.43)
where Fµνi = 2k
[µ
i 
ν]
i . Here all momenta are outgoing and satisfy the on-shell conditions
p21 = p
2
2 = m
2 and k23 = k24 = 0. The covariantized Proca theory is obtained by setting g = 1
and hence contains a 1/m divergence. On the other hand, if the Proca field is identified
with a W± boson of the electroweak model we obtain g = 2 and completely cancel the
1/m term. This is a general feature of the g = 2 theory at any multiplicity [54]. Moreover,
in this case we observe not only a well behaved high energy limit, but also not apparent
dependence on m at all! This means that the amplitude is essentially equal to its massless
limit, which corresponds to a n = 4 color-ordered gluon amplitude, see below.
From the above we find that for this amplitude setting g = 2 will automatically yield to
the double copy relation (2.40). This is the underlying reason for the result found in [50, 51].
The converse is also true as gravitational amplitudes always have g = 2, thus imposing the
same value on its QCD factors. The universality of g is a feature of the gravitational
Lagrangians, independently of the covariantization or the couplings considered. It was
checked explicitly in [45] and is a direct consequence of the universal subleading soft theorem
in gravity [41]. This contrasts to QCD in that only the leading soft factor is universal there
and hence g becomes a parameter. Finally, it can also be understood from the fact that
both rotating black hole or neutron stars also yield g = 2 indistinctly in classical GR [81].
Let us elaborate on the relation between (2.43) and the 4-gluon amplitude. Pretend
that (2.43) (with g = 2) is indeed the massless amplitude. As we compactify we must send
pi → Pi = (pi,±m) and ki → (ki, 0), while setting the polarizations εi, i to lie also in
D − 1 dimensions. As the amplitude itself only depends on pi through Pi · kj and Pi · j
the extra dimensional component of Pi drops and the mass m simply does not appear.
More generally, the reader can convince him or herself that the only appearances of m are
through 1) P1 · P2 = p1 · p2 + m2 or 2) P1 · iP2 · j , which we have seen lead to p1 · p2
after dilaton projection. In the first case we can use momentum conservation to write
P1 · P2 =
∑
i<j ki · kj and effectively cancel the mass dependence. Hence if we choose a
basis of kinematic invariants that excludes P1 · P2 the compactification will be trivial: The
amplitudes An will essentially be identical to their massless limit except in the cases of
dilaton amplitudes, since they contain terms like p1 · p2 = −m2 +
∑
i<j ki · kj . The same
observation applies to the KLT construction (2.40) and the KLT kernel introduced in the
previous section. We will extend these observations to more matter lines in Section 4.
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Note also that the explicit mass dependence can also be absorbed in d = 4 by inserting
massive spinor-helicity variables.9 For instance, using these variables eq. (2.43) with g = 2
reads
AQCD,s=14 (1324) ∝ e2
〈3|1|4]2
p1 · k3 p1 · k4 k3 · k4 ([13]〈42〉+ 〈14〉[23]) (2.44)
In this form the double copy is performed as in Appendix A. The result has been used to
construct observables associated to the Kerr Black-Hole in [44, 45]. Here we can conclude
that such amplitude is nothing but the 4-graviton amplitude in higher dimensions.
2.2.3 Universality of Scalar Multipole
We close this section with a final observation on the multipole expansion. In [41] we
observed that the multipoles of section 2.1.1 were universal with respect to spin for gluon
or graviton emission. This means for instance that we can considerAQCD,s4 and the multipole
decomposition should be the same for s = 0 and s = 1. Now we can prove this explicitly
for the scalar multipole, which is by definition the term proportional to the zeroth power
of the angular momentum Jµν . In (2.43) that would correspond to ε1 · (Jµν)0 · ε2 = ε1 · ε2,
e.g.
AQCD,s=14
∣∣∣
J0
= 2e2
(
3 · p14 · p2
p1 · k3 −
3 · p24 · p1
p1 · k4 − 3 · 4
)
. (2.45)
On the other hand for the spin-0 representation the multipole expansion is trivial Jµν → 1.
Thus the claim of universality becomes, at any multiplicity,
AQCD,s=1n
∣∣
J0
= AQCD,s=0n . (2.46)
But this relation is now obvious from the massless perspective. In fact the amplitude
AQCD,s=04 in the massless limit is simply the special Yang-Mills Scalar (YMS) theory con-
sidered in e.g. [63] and reviewed in next section. It is known that amplitudes with two
scalars in such theory can be obtained from the Yang-Mills amplitude by allowing two po-
larization vectors to explore a one-dimensional internal space [93]: We obtain scalars by
setting εi = (0, . . . , 0, 1) while the remaining polarizations and momenta go as i → (i, 0)
and pi → (pi, 0). Thus the only surviving contraction involving ε1, ε2 is precisely ε1 · ε2.
Hence at any multiplicity the YMS amplitude is the coefficient of ε1 · ε2 in the pure gluon
amplitude and (2.46) follows. In the case of the gravitational theory the same situation
arises for the case the fat states Hi are only gravitons hi. As explained below (2.40) these
amplitudes only depend on s+ s˜, and in particular for s+ s˜ ≤ 1 can be written as
A0⊗s+s˜n (ϕ
s+s˜
1 h3 · · ·hnϕs+s˜2 ) :=
1
2
∑
αβ
KαβA
QCD
n,α (ϕ
0
1· · ·ϕ02)AQCDn,β (ϕs+s˜1 · · ·ϕs+s˜2 ), (2.47)
9See [47] for the details on this formalism and [41, 44] for a construction of these amplitudes via soft
factors.
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i.e. where only the right factor has spin. Applying the construction of the previous para-
graph to such factor we find
Agr,sn |J0 = Agr,0n , (2.48)
for graviton emission. Observe that in the case of dilaton fields this relation breaks down:
First, the LHS of (2.47) depends not only on s+ s˜ but on s, s˜ individually. Second, for e.g.
spin-1 terms of the type ε1 · i ε2 · j ˜i · ˜j in AQCDn,β will lead to extra pieces proportional to
ε1 · ε2 in Agrn,β , altering its scalar piece. It would be interesting to generalize these proofs
for higher multipoles (Jµν)n.
3 Constructing the Lagrangians
In this section we will provide the Lagrangians associated to the previous constructions,
covering all the QCD theories and mainly focusing on the 12⊗ 12 and 0⊗1 gravitational cases.
This will allow us to gain further insight in the corresponding amplitudes. On the QCD
side we will employ the compactification method to obtain the actions. On the gravity side
we will construct them from simple considerations in the string frame, including classical
regime. We will check our proposal using CHY-like formulas in Appendix D. For two matter
lines some of these Lagrangians acquire contact terms which we further study in the Section
4.
3.1 QCD Theories
We start by considering the QCD factors associated to the double copy. The cases of spin-0
and spin-12 are standard and we can provide the Lagrangian for more than one matter line
straight away. The case of the QCD theory of spin-1 [50, 51] is more interesting and will
be treated in a separate subsection.
3.1.1 Spins s = 0, 12
We have explained in the previous section how the scalar theory coupled to QCD arises
from a particular compactification both in momenta and polarization vectors. The com-
pactification in polarization vectors is obtained by considering a pure gluon amplitude and
setting εi = (0, . . . 0|1) where the non-zero component explores an “internal space”. We
can immediately ask what happens if the internal space is enlarged to N slots, namely the
scalars are obtained by setting
εi = (0, . . . , 0︸ ︷︷ ︸
D
| 0, . . . 1, . . . , 0︸ ︷︷ ︸
N
) . (3.1)
This construction is well known from string theory and the resulting amplitudes correspond
to scalars in QCD carrying a U(1)N flavour. In other words, letting I, J = 1, . . . , N the
resulting amplitudes for any number of scalar lines are given by the aforementioned “special”
Yang-Mills scalar theory:
Ls=0D = −
1
4
tr(FµνF
µν) +
1
2
tr(DµϕID
µϕI) +
1
4
tr([ϕI , ϕJ ][ϕI , ϕJ ]). (3.2)
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The proof of this compactification is very simple and illustrative so we briefly outline it
here. It follows from decomposing the gluon polarization in D +N dimensions as
Aµ → (Aµ|ϕ1, . . . , ϕN ), (3.3)
which implies
FµI = DµϕI , FIJ = [ϕI , ϕJ ], (3.4)
together with the D dimensional Fµν components. Then the resulting Lagrangian just
follows from expanding tr(F 2). Note that the fields only depend on D coordinates (see
e.g. [94]). A key point which will be useful later is that, as expected from compactifying
the Yang-Mills action, the action (3.2) is nothing but the bosonic sector of N = 4 Super
Yang-Mills theory (in that case D = 4 and N = 6).
Let us now provide masses to the Lagrangian (3.2). For this we proceed via KK
reduction on a torus, MD = Rd × TN , and we let each of N scalars to have a non-zero
momentum in one of the circles S1,
ϕI(x, θ) = e
imIθIϕI(x), (3.5)
where 0 < θI ≤ 2pimI . The gluon field has no momenta on TN , i.e. is θ-independent, and
its only non-zero components are Aµ(x), where now µ = 0, . . . , d − 1. By acting with the
derivative ∂µ¯, where µ¯ = 0, . . . , D − 1 = d+N − 1, we can read off the momentum of the
flavour ϕI :
p
(I)
iµ¯ = ( piµ︸︷︷︸
d
| 0, . . . ,mI , . . . , 0︸ ︷︷ ︸
N
). (3.6)
Thus the on-shell condition becomes (pIi )
2 = p2i −m2I = 0 and, for N = 1, this procedure
is equivalent to the one described in the previous section. It generalizes it to more massive
lines by imposing that the momenta of scalars of different flavour are orthogonal in the KK
directions, i.e. p(I)i ·p(J)j = pi ·pj for I 6= J . By integration on TN we find the corresponding
massive action:∫
ddxdNθLs=0D ∝
∫
ddxtr(−1
4
FµνF
µν +DµϕID
µϕI +m2IϕIϕ
I + [ϕI , ϕJ ][ϕI , ϕJ ]), (3.7)
which corresponds to a scalar QCD theory, with a sum over flavours I implicit. Here
the scalars inherit the adjoint representation from the higher-dimensional gluons. For one
matter line we can drop the last term: The resulting theory has been double copied in [17]
and we will come back to it in Section 4. On the other hand, by keeping the last term we
have a non-trivial contact interaction between flavours, which we will also double copy in
the following subsections. Both theories can be used to construct a double copy and will
be equivalent in the classical limit.
Finally, we can immediately write down the result of this procedure for chiral massless QCD
with a flavour index I (using (2.10))∫
ddxdNθLs=
1
2
D ∝
∫
ddxtr
(
−1
4
FµνF
µν + ψ¯IΓµD
µψI +mψ¯Iψ
I
)
. (3.8)
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In d = 4 and for a single matter-line, we note that this reproduces the fermion amplitudes
of N = 4 SYM in the Coulomb branch. This will be useful for performing the double copy
via the CHY-like formalism introduced in [64, 65], which we do in Appendix D.
3.1.2 Spin s = 1
We now consider in detail the case of spin-1, that is, a complex Proca field coupled to QCD.
In order to motivate this theory we will reproduce here the argument given by Holstein
[50] and used by us in [41], in a slightly more general setup by promoting QED to QCD
amplitudes.
Consider the Proca theory minimally coupled to SU(N) Yang-Mills theory,
L = −1
4
F aµνF
µν
a −
1
4
W I¯µνW
µν
I +
m2
2
Wµ
I¯
W Iµ , (3.9)
where we have distinguished color indices I, I¯ to emphasize that (W I¯) W I transforms in
the (anti)fundamental representation. This is just a formal feature since for now we will
only consider one matter-line (note also that the mass does not depend on I). Here
W Iµν = DµW
I
ν −DνW Iµ ,
DµW
I
ν = ∂µW
I
ν +A
a
µT
IJ¯
a WνJ¯ .
(3.10)
Now consider the three point amplitude obtained from (3.9)
AQCD,13 (W
I
1A
a
3W
J¯
2 ) = 2T
aIJ¯ × (3 · p1ε1 · ε∗2 − 3µk3νε[µ1 ε∗ν]2 ). (3.11)
By recalling the example of (2.25) we can easily identify the scalar and dipole pieces in these
two terms. Note that ε1 · Jµν · ε∗2 = 2ε[µ1 ε∗ν]2 and hence we obtain g = 1. This is consistent
with the value of g = 1s obtained for minimally covariantized Lagrangians as conjectured
by Belinfante [95]. We then proceed to modify the value of g by adding the interaction
Lint = β F aµνT IJ¯a WµI W νJ¯ . (3.12)
In the case of Holstein [50] he is only interested in QED, so that T IJ¯a → δ+− and Lint arises
from the spontaneous symmetry breaking in the W±-boson model (with β = 1). In our
case we need to promote this to QCD so that we can perform the double copy at higher
multiplicity. In any case, this term precisely deforms the value of the dipole interaction to
g = 1 + β, because
Lint → −2β T IJ¯a × 3µk3νε[µ1 ε∗ν]2 . (3.13)
Now, we claim that in order for AQCD3 to be consistent with the double copy for the graviton
states we will need to set g = 2, i.e. β = 1 as in the electroweak model. This is because
only in such case we find10
AQCD,03 ×AQCD,13 = Agr,13 (W1h3W2), (3.14)
= 3 · p1 × (3 · p1ε1 · ε∗2 − 2 3µk3νε[µ1 ε∗ν]2 ) (3.15)
10This is a slight simplification of the argument, which is what we used in [41] at n = 3, arbitrary spin.
Actually, Holstein [51] looked at the double copy of AQED4 with the purpose of showing the 1/m cancellations
which are equivalent to g = 2 as we saw in (2.43). Of course, the amplitude Agr4 did not feature any such
divergences.
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Here we have stripped the coupling constants to make the comparison direct and written
the graviton polarization as µν3 = 
µ
3 
ν
3 for simplicity, which can then be promoted to a
general polarization µν3 . The fixing of g = 2 follows then from the fact that gravitational
amplitudes for any spin will always lead to g = 2 as we outlined in the Compton example
of Section 2.2.
The fact that the double copy is satisfied for the W -boson model but not for the
“minimally coupled” Proca action is not a coincidence. As we have explained, the concept
of minimal coupling that we attain here does not necessarily agree with the covariantization
of derivatives in (3.9). Our condition for minimal coupling, and that of [47], is that the
m → 0 limit of AQCDn is well defined at any multiplicity n. The W -boson model arises
from spontaneous symmetry breaking in SU(2)L × U(1)Y gauge theory, and as such, will
be deformed back to Yang-Mills as we take m → 0. This will precisely fix β = 1 in (3.13)
and we now show how.
From a Feynman diagram perspective, we have already explained how the QCD am-
plitudes we are after can be obtained from massive compactification of YM amplitudes. In
the case of spin-1 and a single matter line, we interpret the cubic Feynman diagrams of
AYMn as associated to a color factor made of fundamental and adjoint structure constants,
following [36]. As an example, for partial amplitudes in the half ladder (DDM) basis, we
will consider the color factor associated to the ordering α = (1β1 . . . βn−22) as
fa1aβ1b1f b1aβ2b2 . . . f bn−3aβn−2a2 → T I1J¯1aβ1 T
J1J¯2
aβ2
. . . T Jn−3I¯2aβn−2
, (3.16)
where particles in {β1, . . . , βn} are gluons and particles 1 and 2 are bosons W I1 ,W I¯2 re-
spectively. The same operation can be repeated in any cubic color numerator of YM, which
in general means to replace fabc → T IJ¯a for matter vertices or just leave them as fabc for
the 3-gluon vertices. This means we identify three types of color indices: A = (a, I, I¯).11
After relabelling the structure constants and the fields accordingly, the field strength FAµν
can be split into the components
Faµν = F aµν + 2T aIJ¯W I[µW J¯ν] , FIµν = W Iµν , F I¯µν = W I¯µν , (3.17)
where Wµν is defined in (3.10). Now consider the YM action after relabelling
1
4
FAµνFµνA =
1
4
F aµνF
µν
a +
1
4
W I¯µνW
µν
I + F
µν
a T
a
IJ¯W
I
µW
J¯
ν + . . . , (3.18)
where we have dropped the term with four W -bosons. Repeating the compactification
procedure, this time on a single circle S1, gives
Ls=1 = −1
4
F aµνF
µν
a −
1
4
W I¯µνW
µν
I +
m2
2
Wµ
I¯
W Iµ − Fµνa T aIJ¯W IµW J¯ν , (3.19)
11Formally we take T IJ¯a = −T J¯Ia as in [36]. One should be careful in that the structure constants
{T IJ¯a , fabc } do not form a Lie algebra (except in the SU(2) case) and hence cannot be used as input of a
YM action. However, the inconsistency appears in the Jacobi relation T IJ¯a TKL¯a + . . . which is associated to
two matter lines, which we are not interested here. Hence, we strip for now any such contributions in our
resulting Lagrangian.
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which is indeed the deformation of (3.9) by the “spin-dipole” coupling (3.12). Thus, we have
shown that the massive spin-1 theory yielding the g = 2 interaction when coupled to QCD
is precisely the compactification of Yang-Mills theory for a single matter line, as described
in Section 2.
3.2 Proposal for Gravitational Theories
Let us now introduce the gravitational Lagrangians. We begin by a construction of both 0⊗1
and 12⊗ 12 theories in the string frame, following some simple guidelines. First, let us assume
momentarily that the base massless theory, leading to the amplitudes Agrn (γ−h3· · ·hnγ+) is
indeed Einstein-Maxwell in both 12 ⊗ 12 and 0⊗ 1 cases,
Lbase = −√g
[
2
κ2
R+
1
4
F ∗µνF
µν
]
. (3.20)
This allow us to signal the crucial difference between the 12 ⊗ 12 and 0 ⊗ 1 theories in the
dilaton coupling. Following [96], in the string frame this can be generated by adding the
kinetic term and promoting √g → √ge−κ2 φ. Thus we propose
L0⊗1base =
√
ge−
κ
2
φ
[
− 2
κ2
R+
1
2
(∂φ)2 − 1
4
F ∗µνF
µν
]
, (3.21)
L
1
2
⊗ 1
2
base =
√
ge−
κ
2
φ
[
− 2
κ2
R+
1
2
(∂φ)2
]
−√g × 1
4
F ∗µνF
µν . (3.22)
We now see the difference lies in the fact that the Maxwell term has been added before and
after incorporating the dilaton, respectively. The coupling of the dilaton is simpler and in a
sense trivial in the 12 ⊗ 12 theory, which is characteristic of the Brans-Dicke-Maxwell action
[97]. In fact, we can take such theory into the so-called Jordan frame by setting
φ = −2
κ
ln Φ, (3.23)
which leads to the standard Brans-Dicke theory [98]
L
1
2
⊗ 1
2
base =
2
κ2
√
g
[
−ΦR+ (∂Φ)
2
Φ
− κ
2
2
× 1
4
F ∗µνF
µν
]
. (3.24)
On the other hand, our proposal that the 0⊗ 1 action involves a non-trivial coupling to the
dilaton arises from a careful consideration of the classical results of [23], which construction
we will realize in Section 4 as a double copy of a spinning source (e.g. s = 1) in QCD with
a scalar theory (s = 0).
At this point we can generate a mass term by performing the compactification on a
circle, MD = Rd×S1, letting the Proca field to have a non-zero (quantized) momentum on
S1
Aµ(x, θ) = e
imθAµ(x) , (3.25)
whereas the remaining fields have not, i.e. hµν(x) and φ(x) are θ-independent. Notice we
have also implicitly restricted the polarizations to lie in d = D−1 dimensions. For instance,
the full metric reads
gµ¯ν¯ = ηµ¯ν¯ +
κ
2
hµ¯ν¯ , (3.26)
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but hµ¯ν¯ only has non-zero components hµν . With this in mind we can readily perform the
integration of the action over the compact direction, leading to
1
2pi
∫
ddxdθLbase=
∫
ddx
√
g
e−
κ
2
φ
[
− 2
κ2
R−12(∂φ)2−14F ∗µνFµν+m
2
2 A
∗
µA
µ
]
, for 0⊗ 1
e−
κ
2
φ
[− 2
κ2
R−12(∂φ)2
]−14F ∗µνFµν+m22 A∗µAµ , for 12 ⊗ 12
(3.27)
The key point here is that we have performed the compactification in the string frame,
where the dilaton coupling is trivial. We can move to the Einstein frame by setting gµν →
e−
κφ
d−2 gµν . Perturbatively, this is equivalent to a change of basis in the asymptotic states,
given by
hµν → hµν − φ
d− 2ηµν +O(κ), (3.28)
which means the amplitudes in this frame can be computed as linear combinations of the
string frame ones. Returning to the Lagrangian, we use
R → e− κφd−2 (R− κd− 1
d− 2D
2φ− d− 1
d− 2
κ2
4
∂µφ∂
µφ) (3.29)
after which we perform a trivial rescaling (φ→ (d− 2)φ) to get
L 12⊗ 12 = √g
[
− 2
κ2
R+
(d− 2)
2
(∂φ)2 − 1
4
e
κ
2
(d−4)φF ∗µνF
µν +
m2
2
e
κ
2
(d−2)φA∗µA
µ
]
, (3.30)
and
L0⊗1 = √g
[
− 2
κ2
R+
(d− 2)
2
(∂φ)2 − 1
4
e−κφF ∗µνF
µν +
m2
2
A∗µA
µ
]
. (3.31)
Note that only in d = 4 the dilaton is not sourced by matter in the 12 ⊗ 12 theory. Indeed,
consider momentarily the massless limit m = 0. A general Einstein-Maxwell-Dilaton theory
in four dimensions can be classified in the Einstein frame from the coupling e−καφF 2, with
0 ≤ α ≤ √3 [99, 100]. The Brans-Dicke theory corresponds to α = 0 whereas the low-
energy limit of string theory yields α = 1. This is not surprising as we will soon identify
the 0⊗1 with a dimensional extension of N = 4 Supergravity. We should mention that the
α =
√
3 case is characteristic of the well-known five dimensional KK theory, whose double
copy structure was considered in [101].
These actions would be enough for amplitudes involving only gravitons, dilatons and
two Proca fields as external states. However, in the case of the 0 ⊗ 1 theory we have seen
that axions can be sourced by matter. Keeping the classical application in mind, this means
that for two matter lines we will need to compute such contributions, as they will appear as
virtual states. We begin by constructing the interaction that reproduces single matter-line
amplitudes with external axions.
In order to introduce the axion coupling in the 0 ⊗ 1 theory we again resort to the
classical results of [8], which found that in the string-frame the axion couples to the matter
through
κ
∫
dτ Hµνρv
µSνρ. (3.32)
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This coupling can be reproduced in QFT by computing a “three-point” amplitude between
the dipole and the axion,
Aµν3 ∝ κp[µ × Sν]ρqρ, (3.33)
where qµ and pµ are the momentum of the axion and the matter line respectively. As
predicted, we identify the first factor as the scalar 3pt. amplitude Aµ,s=03 ∝ pµ and the
second factor as the dipole of the spin-1 amplitude Aµ,s=13
∣∣∣
J
∝ Sµρqρ [41], which signals
this corresponds to the 0 ⊗ 1 theory. The overall proportionality factor can be adjusted
accordingly. The QFT 3pt. vertex is then the direct analog of (3.32), given by
κ
2
Hµνρ∂
µA∗[νAρ] =
κ
4
HµνρA
∗µF νρ. (3.34)
After attaching the canonically normalized kinetic term 16HµνρH
µνρ we can readily take
this vertex into the Einstein frame (also applying the aforementioned rescaling to φ),∫
ddx
√
ge−
κ
2
φ×1
6
Hµνρ(H
µνρ+
3κ
2
A∗µF νρ)→
∫
ddx
√
ge−2κφ×1
6
Hµνρ(H
µνρ+
3κ
2
A∗µF νρ).
(3.35)
Note that this term is not deformed by the massive compactification since the derivatives in
Fµν are contracted with Hµνρ living in d = D−1 dimensions. Once the compactification is
done we can take the spin-1 field as real if we wish to. This is because when computing the
amplitudes the symmetrization over spin-1 states will have the same effect as adding the
Hermitian-conjugated Lagrangian. Thus we finally arrive at the action principle presented
in the introduction for one-matter line:
L0⊗1=√g
[
− 2
κ2
R+
(d−2)
2
(∂φ)2−e
−2κφ
6
Hµνρ(H
µνρ+
3κ
2
AµF νρ)−1
4
e−κφFµνFµν+
m2
2
AµA
µ
]
(3.36)
Note that the massless sector corresponds to N = 0 Supergravity [96] as seen also in [23].
We will rederive this result from a pure on-shell point of view in the following subsubsection,
and extend it to two-matter lines. We will also perform various checks in our proposals for
both 12 ⊗ 12 and 0 ⊗ 1 actions. We can also already draw some conclusion regarding the
interactions: Even though the axion is sourced by the Proca field, it is pair produced in the
massless sector. This means that the axion is projected out in amplitudes involving external
gravitons and dilatons with a single matter line, just as in the 12 ⊗ 12 theory. However, the
strength of the dilaton coupling differs in both theories: For instance, in the massless four
dimensional case the dilaton is not sourced by the photon in the 12 ⊗ 12 theory, see e.g. the
4-pt. example in [36]. More importantly, an analogous reasoning can be applied to dilatons
to show that in both 0 ⊗ 1 and 12 ⊗ 12 theories the pure graviton emission amplitudes are
precisely the same, as we observed first in [41].
3.2.1 Alternative Construction of the 0⊗ 1 Action
From the identifications we have performed we can provide an additional argument to obtain
L0⊗1. First consider the massless case m = 0. Then the 0 ⊗ 1 theory in any dimension is
obtained from the massless version of (2.40); the double copy between scalar QCD (s = 0)
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and pure Yang-Mills (s = 1). In section 3.1.1 we have identified the scalar QCD theory as
the bosonic sector of N = 4 SYM in four dimensions. It should be clear however that if
these amplitudes are computed without imposing any kind of Gram identities (or plugging
spinor-helicity variables) the resulting object is dimension independent and trivially extends
the bosonic sector of N = 4 SYM. This is can be achieved for instance by computing the
compactification of YM explicitly via the CHY formulation [63] as in Appendix D.
Now, as the double copy in (2.40) is precisely obtained via the standard massless KLT,
we know that in four dimensions it yields
(N = 4 SUGRA) = (N = 4 SYM)⊗ (pure YM) (3.37)
Observe that the fermionic content in this theory only comes from the SYM factor. This
means we can consistently truncate to the bosonic sector at both sides of the equality. Thus
we learn that the 0⊗1 theory in four dimensions corresponds to the bosonic sector of N = 4
SUGRA specialized to a single matter line. Recall also that relation (3.37) follows from
truncating the spectrum of N =8 SUGRA, and the corresponding bosonic on-shell states
are obtained as
{hµν , Bµν , φ} ∪ {γIν} = {gµ, φI} ⊗ {g˜ν} (3.38)
where I = 1, . . . , 6 (in this section we will consider a real photon or Proca field interacting
gravitationally, this distinction is only relevant in QCD). Even though we have written
the action for a single matter line, the fact the spectrum has flavoured fields suggests that
we can promote the construction to more matter lines and yet employ the standard KLT
kernel as we will explain shortly. In the next section we will contrast this with the 12 ⊗ 12
theory and a different approach to the 0⊗1 construction obtained via the BCJ prescription.
However, this example will already illustrate an important feature of these constructions:
In general we will find matter contact interactions when more massive lines are included;
these contact interactions however will not affect the classical limit.
Our strategy is analogous to the one in Section 2. We first rewrite N = 4 SUGRA in a
way in which the action is not sensitive to the dimension d. We then uplift it to general d
and compactify it on a torus. Starting from the standard Lagrangian given in [68, 69], i.e.
LN=4 = √g
[
R− 2(∂φ)2 − 2e4φ(∂χ)2 − e−2φF IµνFµνI − 2χF Iµν ? FµνI
]
(3.39)
where χ is the dual axion field, we review in Appendix C the construction of Nicolai and
Townsend and obtain
√
g
[
R− 2(∂φ)2 + 3e−4φ(AνIF Iρσ +
1
6
Hνρσ)(AJνF
J
ρσ +
1
6
Hνρσ)− e−2φF IµνFµνI
]
, (3.40)
from dualizing the axion off-shell. This generates the term ∼ A2F 2, representing a new
contact interaction between flavours which will appear for two matter-lines. Even though
this action makes sense in any dimension, we know it is in principle still four dimensional.
To obtain a faithful dimensional continuation of N =8 SUGRA we need to show that the
amplitudes are indeed dimension independent. By looking at 2 → 2 scattering of photons
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(i.e. Proca fields) we immediately realize this can be achieved by promoting the kinetic
term of the dilaton as 2(∂φ)2 → (d − 2)(∂φ)2 (such that it cancels the factor 1d−2 in
the graviton propagator) which is exactly what we obtained from adopting the Einstein
frame in the previous subsection. We can now swap to the string frame and perform the
compactification on a torus T 6 as in the scalar case. After carefully checking that the term
Aν∗I F
IρσA∗JνF
J
ρσ will not generate mass dependence, even for the same flavours I = J , we
get to the following form
√
g
[
R−(d−2)(∂φ)2+3e−4φ(AνIF Iρσ+
1
6
Hνρσ)(AJνF
J
ρσ+
1
6
Hνρσ)−e−2φF IµνFµνI +2m2IAIµAµI
]
.
(3.41)
In order to construct perturbation theory in the gravitational constant κ we scale φ →
κ
2φ, Bµν → κBµν , Aµ → κ2√2Aµ and attach and overall factor of −
2
κ2
leading to
√
g
[
− 2
κ2
R+
(d−2)
2
(∂φ)2−1
6
e−2κφ(
3κ
4
AνIF
Iρσ+Hνρσ)(
3κ
4
AJνF
J
ρσ+Hνρσ)
−1
4
e−κφF IµνF
µν
I +
1
2
m2IA
I
µA
µ
I
] (3.42)
For one massive line this precisely agrees with (3.36). For more Proca fields it features
the aforementioned contact interaction. Note that amplitudes for (3.42) can be computed
by again compactifying the KLT relation, where the massive photons in (3.38) appear as
products of massive scalars with massive W -bosons, see Appendix D.1 for an example.
Both the massive scalar and the W -boson theory will as well contain interactions between
flavours: On the one hand, recall the special YMS action (3.7) which included a quartic
term for scalars. On the other hand, in Section 3.1.2 we established the compactification
of YM into the spin-1 theory for a single-matter line. This is precisely because for two
matter-lines the following diagram appears from compactification:
a b
∼ 1
s−m2a −m2b
. (3.43)
where two interacting flavours generate an extra massive particle of mass M2 = m2a +m2b .
This pole is however cancelled by the KLT kernel yielding only contact interactions between
flavours in (3.42).
At this point it is natural to ask what if flavour-interactions such as diagram (3.43)
are removed. Given that for massive particles gauge invariance is not a constraint, we find
that this defines a valid construction at least at tree-level. More importantly it leads to the
same classical interpretation since this aspect only depends on long-range (or t-channel)
effects. Following this in the next section we will construct an alternative double copy for
0⊗ 1 at two matter lines, leading to the same classical observables as N =4 SUGRA.
Despite the evidence we have presented so far it is important to perform explicit checks
on our proposed Lagrangians for both 0⊗ 1 and 12 ⊗ 12 theories. We have checked explicitly
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the amplitudes, in arbitrary dimension, with all possible combinations of external states for
n = 3, 4, 5 points, including the two matter-line cases presented in Section 4. We have also
performed six point checks for dilaton amplitudes, allowing us to test the exponential in
(3.30) up to fourth order. The analytical results for some of these checks are too long to be
printed in this paper, we therefore provide a Mathematica notebook with those amplitudes.
These checks were also done efficiently via the CHY-like implementations we detail in
Appendix D.
4 Two matter lines from the BCJ construction
So far we have used the KLT double copy mostly to compute the An amplitudes involving
one matter line. To test the extent of the double copy it is important to include more
matter lines transforming in the fundamental representation. In our case it will be enough
to consider two matter lines of different flavours in order to make contact with the classical
results mentioned in the introduction. These amplitudes lose many nice features of the
An amplitudes: For instance we cannot trivially remove the dilaton-axion propagation nor
write the multipole expansion directly. We shall anyhow conclude that the relevant classical
information is already contained in the An amplitudes, as pointed out in e.g. [42], which
we have used to remove the dilaton/axion from the classical perspective [41].
For more than one matter line a basis of amplitudes based on Dyck words was intro-
duced by Melia [102, 103] and later refined by Johansson and Ochirov [37, 104].12 Since we
only consider here two matter lines we choose to resort instead to the BCJ representation,
thereby extending the approach of [17], see also [39].
Consider the two matter lines to have mass ma and mb, and spin sa and sb. For QCD
scattering, the two massive particles have different flavours, and we restrict their spins to
lie in
{
0, 12 , 1
}
. These amplitudes are defined by the Lagrangians provided in Section 3: For
the spin-0 case we use the scalar QCD Lagrangian (3.7) with the removed quartic term as
per our previous discussion; for spin-1 we use the W−boson model (3.19) and for spin-1/2
we use the standard QCD Lagrangian for massive Dirac fermions (3.8).
Following the BCJ prescription we arrange the QCD amplitudes into a sum of the form
MQCDn =
∑
i∈Γ
cin
(sa,sb)
i
di
, (4.1)
running over the set Γ of all cubic diagrams, with denominators di. The superscript (sa, sb)
here denotes the spin of the lines and may be omitted. For a given triplet (i, j, k), if the
color factors satisfy the Jacobi identity
ci ± cj = ±ck, (4.2)
then colour kinematics duality requires there is a choice of numerators ni such that
ni ± nj = ±nk. (4.3)
12This basis can be arranged to satisfy BCJ relations [37, 105] and consequently a KLT construction has
been recently introduced in [40, 72], see also [39]. For loop level extensions of the colour basis see [106, 107].
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The gravitational amplitudes can be computed starting from (4.1) by replacing the color
factors with further kinematic factors, which can be associated to a different QCD theory. In
this section we will explore some of the choices for QCD theories, and write the explicit form
of the resulting gravitational Lagrangians. With this in mind, the n−point gravitational
amplitude, where now the massive lines have spins sa + s˜a and sb + s˜b respectively, reads
M (sa⊗s˜a,sb⊗s˜b)n =
∑
i∈Γ
n
(sa,sb)
i ⊗ n˜(s˜a,s˜b)i
di
, (4.4)
where the product ⊗ depends on the spin of the massive particles in the QCD theory. For
instance, for sa = s˜a = sb = s˜b = 1/2 we define it in an analogous way to the case of only
one matter line (2.13); that is: consider the spin 12 operators Xi and Yi, entering in a QCD
numerator nQCD with four external fermions whose momenta we choose to be all outgoing
as follows
n(
1
2
, 1
2
) = u¯2Xiv1u¯4Yiv3, (4.5)
analogously, the charge conjugated numerator reads
n¯(
1
2
, 1
2
) = u¯1X¯iv2u¯3Y¯iv4. (4.6)
We define the spin-1 gravitational numerator as the tensor product of the two QCD numer-
ators as follows:
n(
1
2
, 1
2
) ⊗ n¯( 12 , 12 ) = 1
22bd/2c−2
tr
[
Xi/ε1(/p1+ma)X¯i/εi(/p2+ma)
]
tr
[
Yi/ε3(/p3+mb)Y¯i/ε4(/p4+mb)
]
,
(4.7)
Notice that the generalization of (4.7) to an arbitrary number of massive lines could be
done analogously by introducing one Dirac trace for each matter line.
In this section we focus on elastic scattering, given byM4, and inelastic scattering, given
by M5, firstly from a QFT perspective and then from a classical perspective. Nevertheless,
we propose Lagrangians for arbitrary multiplicity as long as we keep two matter lines.
Setting conventions, the momenta of the particles are taken as follows: For the 2→ 2
elastic scattering, the two incoming momenta are p1 and p3, and the outgoing momenta
are p2 = p1 − q and p4 = p3 + q, for q the momentum transfer. For the 2 → 3 inelastic
scattering, again the two incoming momenta are p1 and p3, whereas the momenta for the
two outgoing massive particles are p2 = p1 − q1 and p4 = p3 − q3, and the outgoing gluon
or graviton has momentum k.
4.1 Elastic scattering
The simplest example of the scattering of two massive particles of mass ma and mb , and
spin sa and sb, is the elastic scattering, which we call M
(sa,sb)
4 amplitudes. Let us illustrate
how the double copy works for some choices of sa and sb.
4.1.1 Spinless case
As a warm up consider the case of two scalar particles of incoming momenta p1 and p3,
and momentum transfer q. The gravitational amplitude (4.4) can be computed from the
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double copy of the gluon exchange amplitude between two scalar particles. The numerator
and denominator for the gauge theory have the explicit form
n(0,0) = −e2 (4p1·p3 + q2) , d4 = q2. (4.8)
Now it is straightforward to use the double copy (4.4) to write the gravitational amplitude
M
(0⊗0,0⊗0)
4 =
κ
16
(
4p1·p3+q2
)2
q2
. (4.9)
As the double copy is symmetric in the two numerators, by looking at the cut q2 → 0 we
can see that the axion field does not propagate and instead there is only the propagation
of the graviton and the dilaton. Also, the fact that the amplitude is a perfect square is
non-trivial from a Feynman diagram perspective. This factorization can be understood by
decomposing (4.9) into three pieces:
(
4p1·p3+q2
)2
q2
=
(
4p1·p3+q2
)2 − 8m2am2b − q4
q2︸ ︷︷ ︸
Pure Gravity
+
8m2am
2
b
q2︸ ︷︷ ︸
φ exchange
+ q2︸︷︷︸
contact term
(4.10)
Thus, we find that in order to achieve the factorization a quartic term must be included in
the action. This is a general feature even with spin.
Likewise the one matter line case, we can write a gravitational Lagrangian from which the
amplitude (4.9) can be computed. In the Einstein frame it takes the form
L(0⊗0,0⊗0) = √g
[
− 2
κ2
R+
2(d−2)
κ2
(∂φ)2+
1
2
(∂ϕI)
2+
1
2
e−2φm2Iϕ
2
I+
κ2
16
ϕaϕb(∂ϕa)·(∂ϕb)
]
,
(4.11)
which we call the scalar-gravitational theory. Here the ϕI fields correspond to the two
massive scalars fields, and it is understood that I ∈ {a, b}.
Guided from the decomposition (4.10), we have introduce a contact interaction term
in the Lagrangian to match precisely the double copy result. We have implicitly extended
this contact term to arbitrary multiplicity by providing a covariant action. We will find
that this covariantization is respected when computing the double copy for the inelastic
amplitude, M (0⊗0,0⊗0)5 .
As a final short remark, let us point out that the contact interaction does not contribute
to the classical limit (see Sec. 4.3 for its definition). Indeed, by removing the dilaton
exchange, the first and last terms of (4.10) were used in [17] to recover classical gravitational
radiation.
4.1.2 Case sa = 0 + 1 and sb = 0 + 0
Now we can add spin to one of the massive lines. In the gravitational theory, particle a has
spin 1, whereas particle b remains spinless. The gravitational amplitude (4.4) for this case
can be computed from the double copy of the scalar numerators (4.8) and the numerator
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n(1,0). The later corresponds to the gluon exchange between a scalar and a spin 1 particles,
and takes the simple form
n(1,0) = −e2 [(4p1·p3 + q2) ε1·ε2 − 4 (p3·ε2 q·ε1−p1·ε2 p3·ε1)] , (4.12)
where ε1(2) is the polarization vector for the incoming (outgoing) spining particle.
An analogous decomposition to (4.10) of the gravitational amplitude allows us to identify
the contact interaction needed in the Lagrangian to match the double copy result. The
gravitational Lagrangian in the Einstein frame is given by
L(0⊗1,0⊗0) = √g
[
− 2
κ2
R+
2(d−2)
κ2
(∂φ)2−1
4
e−2φFa,µνFµνa +
m2a
2
Aa,µA
µ
a+
1
2
(∂ϕb)
2
+
1
2
m2be
−2φϕ2b+
κ2
16
(2Aµa∂µϕbA
ν
a∂νϕb+ϕbA
ν
a∂µϕb∂
µAa,ν)
]
(4.13)
Again, we will find that the covariantization of the contact term will be confirmed by the
respective M5 and we conjecture the same for higher multiplicity. Indeed, we have already
found the term Aµa∂µϕbAνa∂νϕb previously! It was obtained by us in [41] and was responsible
for quantum contributions to the quadrupole arising in our classical double copy.
4.1.3 Case sa = sb = 0 + 1
The natural generalization of the previous cases is to consider that both matter lines have
spin 1 in the gravitational theory. For this case there are two possible theories: The first
one is dictated by the factorization sa = sb = 0 + 1, whereas for the second theory, the
factorization is sa = sb = 12 +
1
2 . In this subsection we consider the former, and leave the
latter to be explored in the next subsection.
The construction we consider here is an alternative to the two matter lines amplitudes
obtained from (3.42), i.e. the extension of N = 4 SUGRA. The difference lies in that here
we will chop the flavour-interaction terms in the QCD Lagrangians, also leading to no such
interaction on the gravity side. We do this in order to demonstrate the elevated level of
complexity that this causes even at four points. In contrast the extension of N = 4 SUGRA
leads to a remarkably simple action and to the same classical limit than the following
construction.
The gravitational scattering amplitude (4.4) at four points can be obtained from the
double copy of the scalar numerators (4.8) and the spin-1 numerator n(1,1). This numerator
can be computed from the gluon exchange between two massive spin-1 fields, each described
by the matter part of (3.19), and results into
n(1,1) = −4e2
[
1
4
(
4p1·p3+q2
)
ε1·ε2 ε3·ε4 − (p1·ε3 p3·ε4+p1·ε3 q·ε4) ε1·ε2
− (p1·ε2 p3·ε1−p3·ε2 q·ε1) ε3·ε4 + p1·ε2 p3·ε4 ε1·ε3
− q·ε1 q·ε3 ε2·ε4 − p3·ε4 q·ε1 ε2·ε3 + p1·ε2 q·ε3 ε1·ε4
]
.
(4.14)
The gravitational Lagrangian for this theory has a more intricate structure than the ones
we have considered so far for the case of two matter lines, which is natural due to additional
– 29 –
propagation of the axion coupling to the spin of the matter lines. It can be shown that the
Lagrangian is given by
L(0⊗1,0⊗1) = Lct +√g
[
− 2
κ2
R+
2(d−2)
κ2
(∂φ)2 − e
−4φ
6κ2
HµνρH
µνρ
− e
−4φ
6κ2
HµνρA
µ
IF
Iνρ − 1
4
e−2φFI,µνF Iµν+
m2I
2
AI,µA
Iµ
] (4.15)
where the contact interaction Lagrangian now has the form
Lct ∼ √g
[
2Aa·Ab (∂µAa,ν−3∂νAa,µ)∂µAνb − 2Ab·Fa·Fb·Aa
− 2Aµb ∂µAαaAνb∂νAa,α−Aµa∂µAαbAνa∂νAbα−Aµa∂αAa,µAνb∂αAb,ν
]
.
(4.16)
The product of field strength tensors reads explicitly
Ab·Fa·Fb·Aa = Aµb ∂µAαa∂αAb,νAνa−Aµb ∂αAa,µ∂αAb,νAνa
−Aµb ∂µAαa∂νAb,αAνa−Aµb ∂αAa,µ∂νAb,αAνa.
(4.17)
4.1.4 Case sa = sb = 12 +
1
2
We finish the discussion for the elastic scattering considering the simplest gravitational
theory for both of the massive lines with spin-1. As we mentioned previously, this theory
is dictated by the factorization sa = sb = 12+
1
2 . The gravity amplitude (4.4) at 4 pt.
is computed from the double copy of the QCD spin 12 numerator n
( 1
2
, 1
2
), and its charge
conjugated pair. They have a simple form
n(
1
2
, 1
2
) = e2u¯2γ
µu1u¯4γµu3,
n¯(
1
2
, 1
2
) = e2v¯1γ
µv2v¯3γµv4,
(4.18)
where we use the condition for momentum conservation p2 = p1−q and p4 = p3+q. Now,
using the double copy operation for two matter lines (4.7), the gravitational amplitude
takes the compact form
M
( 1
2
⊗ 1
2
, 1
2
⊗ 1
2
)
4 =
4
22bD/2c
κ2
q2
tr
[
γµ/ε1(/p1−ma)γν/ε2(/p2+ma)
]
tr
[
γµ/ε3(/p3−mb)γν/ε4(/p4+mb)
]
,
(4.19)
Notice the momenta p1 and p3 are incoming, therefore the sign in the projector changes.
After taking the traces the amplitude reads
M
( 1
2
⊗ 1
2
, 1
2
⊗ 1
2
)
4 =
4κ2
q2
{[
ε1·ε2 ((d−6)pν1pµ2 +(d−2)pµ1pν2)−p1·ε2 ((d−6)εν1pµ2 +(d−2)εµ1pν2)−
p2·ε1 ((d−6)pν1εµ2 +(d−2)pµ1εν2) +
(
(d−6)p1·p2+(d−4)m2a
)
(εν1ε
ν
2−ε1·ε2ηµν)
+
(
(d−2)p1·p2+dm2a
)
εµ1ε
ν
2+(d−6)p1·ε2 p2·ε1ηµν
]× [line a→ line b]
µν
}
,
(4.20)
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where the change
[
line a → line b] means to do [1 → 3, 2 → 4, a → b]. Likewise for the
two previous cases, we can write the gravitational Lagrangian for this theory, surprisingly
it has a very simple form
L( 12⊗ 12 , 12⊗ 12 ) = √g
[
− 2
κ2
R+
2(d−2)
κ2
(∂φ)2−1
4
e(d−4)φFI,µνF
µν
I, +
1
2
e(d−2)φm2IAIµA
µ
I
]
(4.21)
We say that this is the simplest theory for spinning particles coupled to gravity in two
senses: First, even thought the two massive lines have spin, there is no propagation of the
axion. This confirms that in the 12 ⊗ 12 double copy setup the spin-1 field does not source
the axion. Second and more importantly, there is no need for adding a contact interaction
between matter lines, a feature we will confirm also in M5. This is the only gravitational
theory we have found for which this happens and reflects its underlying fermionic origin.
4.2 Inelastic Scattering
Moving on to the inelastic scattering, we consider the emission of a gluon or a fat graviton
in the final state. For radiation, the QCD amplitude can be arrange into the color decom-
position with only five color factors. We choose the color factors and numerators in (4.4)
to satisfy the Jacobi identity (4.2), and the color kinematic duality (4.3) as follows
c1 − c2 = −c3, c4 − c5 = c3, (4.22)
n1 − n2 = −n3, n4 − n5 = n3. (4.23)
The gravitational amplitude will be given again by (4.4), with the sum running from 1 to 5.
The product of polarization vectors of the external gluon µ˜ν corresponds to a fat graviton
state H5. To extract the graviton radiation piece we replace µ˜ν → TTµν i.e. the symmetric,
transverse and traceless polarization tensor for the graviton. If on the other hand we want
to compute dilaton radiation, we replace µ˜ν → ηµν√D−2 . In the same way that for the case
of elastic scattering, let us consider different cases for the spin of the massive lines.
4.2.1 Spinless case
Once again, the simplest case is given by scalars sources. The tree-level QCD amplitude
(4.1) in BCJ form can be taken from [17]. Here we use the momentum conservation condition
k = q1 + q3, to write the the numerators, color factors and denominators in (4.1) as follows
n
(0,0)
1 = e
3
[
2 (2p3−q3) · (2p1+q3) (p1 + q3) ·−
(
2p1·q3+q23
)
(2p3−q3) ·
]
,
n
(0,0)
2 = e
3 [2p1· (2p1−k−q1) · (2p3−q3) +2p1·k (2p3−q3) ·] ,
n
(0,0)
3 = e
3 (2p1−q1)µ (2p3−q3)ρ
[
(k + q3)µ ηνρ + (q1 − q3)ν ηµρ − (k + q1)ρ ηµν
]
ν ,
n
(0,0)
4 = e
3
[
2 (2p1−q1) · (2p3+q1) (p3+q1) ·−
(
2p3·q1+q21
)
(2p1−q1) ·
]
,
n
(0,0)
5 = e
3 [2p3· (2p3−k−q3) · (2p1−q1) +2p3·k (2p1−q1) ·] .
(4.24)
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c1 = (T
a
1 .T
b
1 )T
b
3 , d1 = q
2
3
(
2p1·k − q21 + q23
)
,
c2 = (T
b
1 .T
a
1 )T
b
3 , d2 = −2 (p1·k) q23,
c3 = f
abcT b1T
c
3 , d3 = q
2
1q
2
3,
c4 = (T
a
3 .T
b
3 )T
b
1 , d4 = q
2
1
(
2p3·k + q21 − q23
)
,
c5 = (T
b
3 .T
a
3 )T
b
1 . d5 = −2 (p3·k) q21.
(4.25)
It is now straightforward to compute the gravitational amplitude using (4.4). The com-
parison of the double copy result with the Feynman diagrammatic computation from the
Lagrangian (4.11) shows complete agreement for both, graviton (µ˜ν → TTµν ) and dila-
ton (µ˜ν → ηµν√d−2) radiation. This agreement provides a non trivial check of the contact
interaction we included to match the double copy result for the elastic scattering.
4.2.2 Case sa = sb = 12 +
1
2
For the case of the inelastic scattering of two fermions with different flavour, and the
emission of one gluon, the QCD amplitude in the BCJ form (4.1) can be computed as in
the scalar case. The numerators also take a compact form
n
( 1
2
, 1
2
)
1 = e
3u¯2/( /p1+ /q3+ma)γ
µu1u¯4γµu3,
n
( 1
2
, 1
2
)
2 = e
3u¯2γ
µ(/p1−/k+ma)/u1u¯4γµu3,
n
( 1
2
, 1
2
)
4 = e
3u¯2γ
µu1u¯4/( /p3+ /q1+mb)γµu3,
n
( 1
2
, 1
2
)
5 = e
3u¯2γ
µu1u¯4γ
µ(/p3−/k+mb)/u3,
n
( 1
2
, 1
2
)
3 = −2e3 (u¯2/u1u¯4/ku3 − u¯2/ku1u¯4/u3 − u¯2γµu1u¯4γµu3q1·) .
(4.26)
Analogously, their charge conjugated pairs read
n¯
( 1
2
, 1
2
)
1 = e
3v¯1γ
µ( /p1+ /q3−ma)/˜v2v¯3γµv4,
n¯
( 1
2
, 1
2
)
2 = e
3v¯1/˜(/p1−/k−ma)γµv2v¯3γµv4,
n¯
( 1
2
, 1
2
)
4 = e
3v¯1γ
µv2v¯3γµ( /p3+ /q1−mb)/˜v4,
n¯
( 1
2
, 1
2
)
5 = e
3v¯1γ
µv2v¯3/˜(/p3−/k−mb)γµv4,
n¯
( 1
2
, 1
2
)
3 = −2e3
(
v¯1/˜v2v¯3/kv4 − v¯1/kv2v¯3/˜v4 − v¯1γµv2v¯3γµv4q1·˜
)
.
(4.27)
The color factors and denominators are the same as the scalar case (4.25). The spin-
1
2 numerators are readily seen to satisfy the kinematic Jacobi relation (4.23). Now, to
compute the gravitational amplitude (4.4), we need to compute the double copy of these
numerators using (4.7). For instance we have
n
( 1
2
, 1
2
)
1 ⊗ n¯
( 1
2
, 1
2
)
1 =
κ3
22bd/2c+4
tr
[
/( /p1+ /q3+ma)γ
µ/ε1(/p1−ma)γν( /p1+ /q3−ma)/˜/ε2(/p2+ma)
]×
tr
[
γµ/ε3(/p3−mb)γν/ε4(/p4+mb)
]
.
(4.28)
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Analogous expressions follow for the double copy of the remaining numerators. Although
this is a very compact way to write the gravitational numerator, the final result for the
gravitational amplitude (4.4) after doing all the traces is too long to be printed in this
paper, therefore we provide a Mathematica Notebook with the result.
As we did for the case of elastic scattering, we have checked that the same amplitude
can be computed with the Feynman rules derived from the Lagrangian (4.21), for both
graviton and dilaton radiation. This is in fact a non-trivial check of the Lagrangian, and
discards the need for a quartic term, or the presence of the axion field.
Finally, we leave the discussion for the case sa = 0 + 1 and sb = 0 + 0, and the case
sa = sb = 0 + 1, to be illustrated in section 4.3. Using a more convenient BCJ gauge, these
amplitudes take compact expressions and the numerator can be put in a manifestly gauge
invariant form.
4.3 Generalized Gauge Transformations and Classical Radiation
For inelastic scattering, the BCJ double copy formula (4.4) easily recovers the Lagrangian
result as we have seen above. In a classical context however we would like to extract the
classical piece of the amplitude in such a way that the the double copy structure is still
manifest in the final result. Taking the classical limit of (4.4) however does not show
explicitly the double copy structure of the classical amplitude as we will see in a moment.
This was first observed for scalar sources in [17], but is also true for the spinning case. It
is desirable therefore to write the double copy for inelastic scattering in a more convenient
gauge as we will discuss in this section. This will further allow us to derive the classical
double copy formula presented in [41], from the classical limit of the BCJ double copy in
QFT.
4.3.1 Classical radiation from the standard BCJ double copy
Now that we have computed graviton and dilaton radiation for the different double copies,
we might ask how does the classical piece of the amplitude look. To answer this question
we draw upon the formulation of [71] to extract classical radiative observables from the
quantum scattering amplitudes, including the case for spinning sources [41]. For scalar
sources, the comparison of the classical computation of Goldberger and Ridgway [19] and
the classical limit of the BCJ double copy result was presented in [17]. There the classical
limit was taken by means of a large mass expansion. Here we follow [71] instead, where it was
shown that the classical piece of the amplitude can be obtained by re-scaling the massless
transfer momenta with ~ and take the leading order piece in the ~ → 0 limit. Then it is
convenient to introduce the average momentum transfer q = q1−q32 . The re-scaled momenta
can be interpreted as a classical wave vector q → ~q¯. Notice that momentum conservation
implies that the radiated momenta needs to be re-scaled as well k → ~k¯. For the spinning
case we introduce the angular momentum operator, which scales as J → ~−1J¯ , and perform
the multipole expansion [41, 44, 92]. Finally, for the case of QCD amplitudes, one further
scaling needs to be done in order to correctly extract the classical piece of the amplitude.
In reminiscence of the color-kinematics duality, the generators of the color group T a must
also scale as those of angular momentum, i.e. T a → ~−1T a.
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In order to motivate our procedure let us first consider the 5-pt amplitudes for both
QCD and gravity in the standard BCJ form we have provided. In other words, we want
to see how the ingredients in (4.1) and (4.4) behave in the ~-expansion. By inspection, the
leading order of the numerators ni goes as ~0, and the sub-leading correction is of order ~.
Let us denote the expansion of the numerators as ni = 〈ni〉+ δni~+ · · ·. The denominators
can also be expanded as di = 〈di〉~3 + δdi~4 + · · · . At leading order, it is easy to check that
〈n3〉=0, 〈n1〉 = 〈n2〉 and 〈n4〉 = 〈n5〉, whereas for the denominators we have 〈d1〉 = −〈d2〉
and 〈d4〉 = −〈d5〉. At sub-leading order δd2 = δd5 = 0. Finally, for the color factors we
have ci → ~−3ci for i = 1, 2, 4, 5 and c3 → ~−2c3.
With this in mind, the classical piece of the QCD amplitude for gluon radiation reads
〈MQCD5 〉 = −c1
[〈n1〉δd1
〈d1〉2 −
δn1−δn2
〈d1〉
]
−c3
[〈n1〉
〈d1〉−
δn3
δd3
−〈n4〉〈d4〉
]
−c4
[〈n4〉δd4
〈d4〉2 −
δn4−δn5
〈d4〉
]
,
(4.29)
where the bracket means 〈Mn〉 : = lim~→0Mn. A similar expansion can be done for the
gravitational amplitude given by the double copy (4.4)
〈Mgr5 〉 =
[
−〈n1〉 ⊗ 〈n˜1〉〈d1,0〉2 δd1+
〈n1〉 ⊗ (δn˜1−δn˜2) + (δn1−δn2)⊗ 〈n˜1〉
〈d1〉 +
δn3 ⊗ δn˜3
〈d3〉
− 〈n4〉 ⊗ 〈n˜4〉〈d4,0〉2 δd4+
〈n4〉 ⊗ (δn˜4−δn˜5) + (δn4−δn5)⊗ 〈n˜4〉
〈d4〉
] (4.30)
Hence, we find that the classical piece of the gravitational amplitude (4.30) does not
reflect the BCJ double copy structure as expected. This can be traced back to the presence
of 1~ terms which will still contribute to the expansion even though the overall leading order
(as ~→0) cancels. We shall find a way to make such limit smooth and preserve the double
copy structure.
In [41] we provided a classical double copy formula to compute gravitational radiation
at leading order in the coupling from photon Bremsstrahlung. The formula was obtained
by looking at specific cuts carrying the classical information. Here we will see it follows
naturally from a particular BCJ gauge. In fact, in such gauge we will further find no 1~
terms and hence a smooth classical limit.
Before we start let us summarize the results. The classical expressions for gluon and "fat
graviton" radiation (4.29) and (4.30) agrees with the result of Goldberger and Ridgway for
scalar sources [19], as shown in [17]. Here we will further recover the results of Goldberger,
Li and Prabhu [23, 24] for spinning sources up to dipole order, including the full axion-
dilaton-graviton classical radiation. We also make contact with our own results in [41]
which already recovered graviton radiation in such case. This will be achieved by providing
the classical numerators for each of these cases in the aforementioned gauge.
4.3.2 Generalized gauge transformation
In order to rewrite the quantum amplitudes (4.1) and (4.4) in a convenient gauge we proceed
as follows. Observe that the non-abelian contribution to the QCD amplitude (4.1) comes
from the diagram whose color factor (4.25) is c3, which is proportional to the structure
constants of the gauge group. We can however gauge away this non-abelian piece of the
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amplitude using a Generalized Gauge Transformation (GGT) [1]. Recall that a GGT is
a transformation on the kinematic numerators that leaves the amplitude invariant. This
transformation allow us to move terms between diagrams. For the case of the inelastic
scattering, consider the following shift on the numerators entering in (4.1)
n′1 = n1 − αd1,
n′2 = n2 + αd2,
n′3 = n3 − αd3 + γd3,
n′4 = n4 − γd4,
n′5 = n5 + γd5.
(4.31)
This shift leaves invariant the amplitude (4.1) since
∆MQCD5 = −α(c1 − c2 + c3)− γ(c4 − c5 − c3) = 0, (4.32)
where we have use the color identities (4.22) in the last equality. We can now solve for the
values of α and γ that allow to impose n′3 = 0 , while satisfying the color-kinematic duality
for the shifted numerators
n′1 − n′2 = −n′3 = 0, n′4 − n′5 = n′3 = 0. (4.33)
The solution can be written as
α = − n3
d1 + d2
, γ = −d1 + d2 + d3
d1 + d2
n3
d3
. (4.34)
Explicitly these parameters take the simple form
α =
n3
2q·k (q2−q·k) , γ =
n3
2q·k (q2+q·k) , (4.35)
Importantly, this solution is general and independent of the spin of scattered particles.
The new numerators (4.31) will be non-local since they have absorbed n3. However,
they exhibit nice features: They are independent, gauge invariant, and in the classical limit
they will lead to a remarkably simple (and local!) form. Indeed, the QCD amplitude (4.1)
for inelastic scattering takes already a more compact form
MQCD5 =
[
c1
d1
+
c2
d2
]
n′1 +
[
c4
d4
+
c5
d5
]
n′4. (4.36)
The gravitational amplitude (4.4) then is given by the double copy of (4.36) as follows
Mgr5 =
n′1 ⊗ n˜′1
d′1
+
n′4 ⊗ n˜′4
d′4
, (4.37)
where
d′1 =
d1d2
d1 + d2
, d′4 =
d4d5
d4 + d5
. (4.38)
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Explicitly, this gives
1
d′1
=− q·k
p1·k q·(q − k) (2q·k−2p1·k) ,
1
d′4
=− q·k
p3·k q·(q + k) (2q·k+2p3·k) , (4.39)
When performing the double copy, there will in principle be a pole in q·k both in (4.37)
and in the classical formula (4.41) below, which is nevertheless spurious and cancels out
in the final result. Notice we have reduced the problem of doing the double copy of five
numerators to do the double copy of just two (the dimension of the BCJ basis). Indeed,
now we can take c3 → 0, setting c2 → c1 and c5 → c4. Further fixing c1 = c4 = 1 we obtain
the QED case (see (4.25)) with
MQED5 =
n′1
d′1
+
n′4
d′4
, (4.40)
The double copy formula (4.37) agrees with (4.4). Remarkably, we can use (4.40) as a
starting point for the (classical) double copy since the numerators n′1 and n′4 can be read
off from MQED5 from its pole structure. This has the advantage that the classical limit of
the amplitude will be smooth and will preserve the double copy form.
4.3.3 Classical limit and Compton Residue
In the gauge (4.31), extracting the classical piece of the gravitational amplitude (4.37) is
straightforward. The shifted numerators scale as n′i = 〈n′i〉+δn′i~, whereas the denominators
scale as d′i = 〈d′i〉~2 + δd′i~3. With this in mind, the classical piece of the gravitational
amplitude (4.37) is simply
〈M (sa⊗s˜a,sb⊗s˜b)5 〉 =
〈n′ (sa,sb)1 〉 ⊗ 〈n˜′ (s˜a,s˜b)1 〉
〈d′1〉
+
〈n′ (sa,sb)4 〉 ⊗ 〈n˜′ (s˜a,s˜b)4 〉
〈d′4〉
, (4.41)
which shows explicitly the double copy structure. Indeed, the classical limit of the QED
amplitude is naturally identified as the single copy in this gauge:
〈MQED,(sa,sb)5 〉 =
〈n′ (sa,sb)1 〉
〈d′1〉
+
〈n′ (sa,sb)4 〉
〈d′4〉
, (4.42)
Taking the classical piece of the denominators (4.39) leads to
1
〈d′1〉
=
q·k
2 (p1·k)2 (q2 − q·k)
,
1
〈d′4〉
=− q·k
2 (p3·k)2 (q2 + q·k)
. (4.43)
As a whole, the formulas (4.41), (4.42) and (4.43) correspond to the construction given in
[41]. The conversion can be done via 〈n′i〉 = 2q·kntherei , where ntherei is a local numerator in
the classical limit. We have thus found here an alternative derivation of it which follows
directly form the standard BCJ double copy of M5, up to certain details we now describe.
Suppose first that the numerators 〈n′i〉 do not depend on q2. Then we find they can be
read off from the QED Compton residues at q2 → ±q · k. Indeed, using that (4.42)-(4.43)
should factor into the Compton amplitude A4 together with a 3-pt. amplitude A3, we get
〈n′(sa,sb)i 〉 =
2(p·k)2
q·k 〈A
QED,sa,µ
4 〉 × 〈AQED,sb,µ3 , 〉 (4.44)
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where the contraction in µ denotes propagation of photons. This guarantees the same is
true for the gravitational numerators in (4.41), that is
〈n′(sa,sb)i 〉 ⊗ 〈n
′(sa,sb)
i 〉 =
4(p·k)4
(q·k)2 〈A
QED,sa,µ
4 〉 ⊗ 〈AQED,s˜a,ν4 〉 × 〈AQED,sb,µ3 〉 ⊗ 〈AQED,s˜b,ν3 〉,
=
4(p·k)4
(q·k)2 〈A
sa⊗s˜a,µν
4 〉 × 〈Asb⊗s˜b,µν3 〉, (4.45)
where the contracted indices denote propagation of fat states. Thus we conclude that the
classical limit is controlled by A4 and A3 via the Compton residues provided the numerators
do not depend on q2. Considering the scaling of the multipoles J → ~−1J¯ and that q → ~q¯,
we see that this is true up to dipole ∼J order. We will confirm this explicitly in the cases
below.
At quadrupole order∼J2, associated to spin-1 particles, we will find explicit dependence
on q2 in the numerators. Nevertheless, it is still true that the classical multipoles are given
by the the Compton residues as we have exemplified already in [41]. Indeed, as a quick
analysis shows, the q2 dependence in M5 that is not captured by them can only arise
from 1) contact terms in M5 or 2) contact terms in M4 entering through the residues at
p·k → 0. Both contributions can be canceled by adding appropriate (quantum) interactions
between the matter particles. Note that canceling such contributions in the QCD side will
automatically imply their cancellation on the gravity side.
Let us now see some specific examples of how to write the amplitudes (4.37) and their
classical pieces (4.41)-(4.42), in the gauge (4.31).
4.3.4 Spinless case
In the gauge (4.31), the scalar numerators take an explicit gauge invariant form
n
′(0,0)
1 = e
3 8p1·k (p1·F ·p3−q·F ·p3) +2 (4p3·k−4p1·p3−q·(q − k)) q·F ·p1
q·k , (4.46)
n
′(0,0)
4 = e
3 8p3·k (p1·F ·p3−q·F ·p1) +2 (4p1·k−4p1·p3−q·(q + k)) q·F ·p3
q·k . (4.47)
Observe these numerators contain q2 dependence. Nevertheless it is completely quantum
as the only classical piece is the leading order in q, given by
〈n′(0,0)1 〉=
8e3
q·k p1·R3·F ·p1, 〈n
′(0,0)
4 〉=
8e3
q·k p3·R1·F ·p3, (4.48)
where Rµνi =p
[µ
i (ηi2q−k)ν], and η1=−1, η3 = 1. It is very easy to check that these numer-
ators reproduce the classical photon radiation of [19] and in fact can be read from there
by looking at the pole structure. The classical "fat graviton" radiation (4.41) for scalar
sources can be computed from the double copy of the classical scalar numerators (4.48)
with themselves. It can be shown that these results agree with [19]. Here however we have
taken advantage of the GGT to keep the double copy structure of the classical gravitational
amplitude.
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4.3.5 Case sa = 0 + 1 and sb = 0 + 0
Now that we have understood how to compute classical radiation for scalars, we can add spin
to particle a, whereas particles b remains spinless. The gravitational amplitude M (0⊗1,0⊗0)5
computed from (4.37) can be computed from the double copy of the spinless numerators
(4.46-4.47) with the following numerators:
n
′(0,1)
1 =
2e3
q·k
{[(
q2−q·k+4p1·p3
)
q·F ·p1+4(q−p1)·k p1·F ·p3
]
ε1·ε2−[
4 (p1·k p3µFανqα−q·k p3µFναpα1 ) +8 (p1·k qµFναpα3−qµp3νq·F ·p1)
− 2 (2p3·k (p1−q) ·k+q·k (q2−q·k+4p1·p3))Fµν]ε[µ1 εν]2
− 2q·k (4qαFαµp3ν−4pα3Fαµqν+2kµpα3Fαν) εµ1εν2
}
,
(4.49)
n
′(0,1)
4 =
2e3
q·k
{[(
q2+q·k+4p1·p3
)
q·F ·p3−4(q+p3)·k p1·F ·p3
]
ε1·ε2+
[2 (q+p3) ·k (4pα3 qµFαν+p3·k Fµν) +4p3µ (2q+k)ν ] ε[µ1 εν]2
}
.
(4.50)
These numerators can be obtained from the QCD action (3.19), by considering a W -
boson interacting with a scalar particle through gluons, and then applying the GGT (4.31).
Alternatively, they correspond to the QED theory as already explained.
The amplitude M (0⊗1,0⊗0)5 is in complete agreement with the Feynman diagrammatic
computation from the Lagrangian (4.13) , which as in the case of scalar sources, provides a
strong check of the contact interaction introduced to match the double copy for the elastic
scattering.
Now we can take the classical limit of numerators (4.49) and (4.50). To make contact
with the multipole expansion we write the results in terms of the Lorentz generator Jµν1
acting on a spin-1 representation. We strip the matter polarization vectors for simplicity
and keep the operators. Up to dipole order, the operators are given by
〈n′(0,1)1 〉=〈n′(0,0)1 〉−
4e3
q·k [p1·R3·kF ·J1−F1qR3·J1+p1·k [F,R3]·J1] , (4.51)
〈n′(0,1)4 〉=〈n′(0,0)4 〉+
4e3
q·k p3·F ·Rˆ1·p3, (4.52)
where we have used Fiq = ηi(pi·F ·q), and Rˆi = (ηi2q−k)[µJν]αi (ηi2q−k)α. Also [F,R]µν =
FµαR
α
ν − (µ↔ ν), etc. These classical numerators agree with the ones given in [41]. Note
that the q2 dependence in (4.49),(4.50) has become has become suppressed by powers of
J . In [41] we have nevertheless managed to cancel it by adding flavor interactions, hence
obtaining also the form of the classical gravitational quadrupole ∼J2.
Finally, the QED and gravitational radiation constructed from (4.51),(4.52) agrees with
the results of Li and Prahbu [24] when we set one of the massive objects to be spinless.
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4.3.6 Case sa = sb = 0 + 1
We can now move on to the case in which both massive lines have spin-1 in the gravitational
theory. We want to compute the gravitational amplitude for inelastic scatteringM (0⊗1,0⊗1)5
using (4.37). The scalar numerators are given in (4.46) and (4.47). The numerators for the
spining case are constructed following the considerations of Sec. 4.1.3 and give
n
′(1,1)
1 =
2e3
q·k
{[(
q2−q·k+4p1·p3
)
q·F ·p1+4(q−p1)·k p1·F ·p3
]
ε1·ε2 ε3·ε4+[
8 (q−p1) ·k q·2 qµα1Fαν + 4 [q·k (2p1µqν+(q−p1)µkν) +p1·k kµqν ] ε1·F ·ε2+
4qµ (2q·ε1 p1·k−k·ε1 q·k) εα2Fαν−
[
4p1·k qαkβε[α1 εβ]2 +q·k k·ε1 (2q−k) ·ε2
]
Fµν+
[2 (q−p1) ·k (4qµpα1Fνα+p1·k Fµν) +4p1µ (2q − k)ν q·F ·p1] ε1·ε2−
4 (p1·k qρF ρσ+q·k p1ρF ρσ+2qσ q·F ·p1) ε1[µε2σ] (2q−k)ν −4q·k q·F ·ε1ε2µ (2q−k)ν
]
ε
[µ
3 ε
ν]
4
+
[
4q·ε2 (q−p1) ·k p3·F ·ε1+2 (2q·ε1 p1·k−q·k k·ε1) p3·F ·ε2−8p3µqνq·F ·p1ε[µ1 εν]2 −
2p1·k p3·ε1q·F ·ε2−4q·k p3µpα1Fανε[µ1 εν]2 −2 (2q−p1) ·k p3·ε2q·F ·ε1+(
q·k (q2−q·k+4p1·p3)− 2 (q−p1) ·k p3·k) ε1·F ·ε2]ε3·ε4}.
(4.53)
The numerator n′(1,1)4 is given by exchanging particles a ↔ b in n′(1,1)1 , with q → −q.
The result expressed in terms of these numerators is far more compact than the Feynman
diagram expansion obtained from the covariantized Lagrangian (4.15).
Now, by taking the classical limit of the numerators (4.53) we can compute the am-
plitude 〈M (0⊗1,0⊗1)5 〉 via (4.41), using also (4.48) and (4.43). In the multipole form of the
previous section, the numerators read, up to dipole order,
〈n′(1,1)1 〉 = 〈n′(0,0)1 〉−4e3
[
p1·R3·kF ·J1−F1qR3·J1+p1·k [F,R3]·J1 − p1·F ·Rˆ3·p1
]
,
〈n′(1,1)4 〉 = 〈n′(0,0)4 〉−4e3
[
p3·R1·kF ·J3−F3qR1·J3+p3·k [F,R1]·J3 − p3·F ·Rˆ1·p3
]
.
(4.54)
Classical radiation computed in this way agrees with the classical double copy result of
Goldberger, Li and Prabhu [23, 24] for the whole Fat Graviton radiative field given in eq.
(51) of [24] up to dipole order.
Now, we have seen that an alternative Lagrangian construction for the 0 ⊗ 1 double
copy at two matter lines is given by the extension of N = 4 Supergravity. We know
that the amplitude MN=4 SUGRA5 of this theory differs from M
(0⊗1,0⊗1)
5 given here only
in terms arising from (quantum) flavour interactions, c.f. (4.16) vs (3.42). Equivalently
both amplitudes have the same residues as q2 → ±q · k and hence the same classical limit.
As explained, these cuts correspond to Compton amplitudes and in this case feature the
propagation of the axion, dilaton and graviton. We have checked these cuts explicitly by
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comparing the numerators (4.53) against the amplitude MN=4 SUGRA5 obtained via CHY
(see Appendix D).
4.3.7 Case sa = sb = 12 +
1
2
The final case for inelastic scattering in the gauge (4.31) is given by the factorization of
the gravitational amplitude (4.37) as sa = sb = 12 +
1
2 . For the QCD theory, the shifted
numerators entering in (4.36) are
n
′( 1
2
, 1
2
)
1 =
4e3
q·k Fαβ
[
q[αp
β]
1 u¯2γ
µu1u¯4γµu3+(q−p1)·k u¯2γ[αu1u¯4γβ]u3−q·k
4
u¯2γ
[αγβ]γµu1u¯4γµu3
]
,
(4.55)
n
′( 1
2
, 1
2
)
4 =
4e3
q·k Fαβ
[
q[αp
β]
3 u¯4γ
µu3u¯2γµu1+(q+p3)·k u¯4γ[αu3u¯2γβ]u1−q·k
4
u¯4γ
[αγβ]γµu3u¯2γµu1
]
.
(4.56)
Analogously, their charge conjugated pairs read
n¯
′( 1
2
, 1
2
)
1 =
4e3
q·k Fαβ
[
q[αp
β]
1 v¯1γ
µv2v¯3γµv4+(q−p1)·k v¯1γ[αv2v¯3γβ]v4+q·k
4
v¯1γ
µγ[αγβ]v2v¯3γµv4
]
,
(4.57)
n¯
′( 1
2
, 1
2
)
4 =
4e3
q·k Fαβ
[
q[αp
β]
3 v¯3γ
µv4v¯1γµv2+(q+p3)·k v¯3γ[αv4v¯1γβ]v2+q·k
4
v¯3γ
µγ[αγβ]v4v¯1γµv2
]
.
(4.58)
The gravitational amplitude M (
1
2
⊗ 1
2
, 1
2
⊗ 1
2
)
5 can be computed from the double copy of
the above numerators with their charge conjugated pairs, using the operation defined in
(4.7). The result, which we provide in the Mathematica ancillary notebook, is in complete
agreement with the Feynman diagrammatic computation from the Lagrangian (4.21).
On the classical side, although the classical limit of the previous numerators up to dipole
order agrees with (4.54) (with appropiate conjugated numerators), the classical amplitude
〈M (
1
2
⊗ 1
2
, 1
2
⊗ 1
2
)
5 〉 differs from 〈M (0⊗1,0⊗1)5 〉. For instance, as the double copy for the former is
symmetric in the numerators, the axion field does not couple to the matter lines, whereas
for the latter it is unavoidably present.
We do not provide the explicit result for 〈M (
1
2
⊗ 1
2
, 1
2
⊗ 1
2
)
5 〉, but let us mention that it is
more naturally computed using the symmetric double copy product defined in [41], which
preserves the multipole structure of the amplitude.
5 Discussion
Based on the analysis performed along refs. [50, 53, 81, 84, 86] and in the current work we
can draw an equivalence for lower spins between the following three statements:
1. The cancellation of 1m divergences in the tree-level high-energy limit.
2. The “natural value” of the gyromagnetic ratio g = 2.
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3. The double copy construction for the single matter line (An) amplitudes.
Let us remark that this equivalence not only seems to show up in QFT amplitudes
but also in classical solutions [81]. One instance of this is the so-called
√
Kerr solution in
electrodynamics which has been the focus of recent studies [10, 46]. This EM solution can
be double-copied into the Kerr metric via the Kerr-Schild ansatz [108], and also features
g = 2. Since these classical solutions contain the full tower of spin-multipoles, and so do
higher spin particles in QFT, a natural question that arises is: How much of the above
equivalence can be promoted to higher spins?
A hint of the answer may come from the 3-pt amplitudes first derived in [47] which
are directly related to the aforementioned classical solutions [10, 30, 44–46, 89], at least at
leading order in the coupling. In [41] we have emphasized their double copy structure, which
fixes not only g = 2 but also the full tower of multipoles in both gravity and QCD side. Here
we have pointed out that these objects are in correspondence with higher spins massless
amplitudes, thereby providing an underlying reason for double copy. Quite paradoxically,
the latter are known to be inconsistent [80] whereas the former have an striking physical
realization. To elucidate this contradiction we recall that massless higher spin amplitudes
only fail at the level of the "4-particle" test [47, 80].
Indeed, the higher spin 4-point (Compton) A4 amplitudes suffer from ambiguities in
the form of contact terms and from 1m divergences, although recent progress to understand
these has been made in [30, 41, 44, 45]. The importance of this object at higher spins was
emphasized by one of us in [89] and proposed to control the subleading order associated
to gravitational and EM classical potentials. These potentials emerge in the two-body
problem [30, 42, 45, 92, 109–111] (particularly outside the test body limit) and hence
their understanding could have not only theoretical but practical implications. In fact,
the relevance of the full tower of An amplitudes lies in that they have been proposed
to control the classical piece of conservative potentials at deeper orders in the coupling
[29, 42, 43, 73, 112].
In [41] we demonstrated the latter fact is true also for radiation: At least at order ∼κ3
and at spins s ≤ 2 the non-conservative observables are controlled by A4 and A3 instead of
the full M5 amplitude. Here we have rederived this construction from a BCJ double-copy
perspective and use it to make contact with the results of Goldberger et al. [19–21, 23, 24] for
the full massless spectrum including dilatons, axions and gravitons. As we have mentioned
it is remarkable how via QFT double copy we have found the precise couplings of these
fields to matter, besides the aforementioned g = 2 condition. One such extensions has
naturally led us to N = 4 Supergravity seen as a classical theory of long-range forces. On
the practical side it is important to evaluate the relevance of these additional fields, as well
as string theory corrections, from the perspective of effective classical potentials arising
from amplitudes, see e.g. [113, 114] for recent related results.
As a last point, let us mention that even though the cancelation of 1m divergences at
higher spins has been ruled out [55, 84] it is still true that the choice of g = 2 is preferred
from both a causality perspective and the counting of degrees of freedom in certain cases
[74, 81, 84, 86]. It would be interesting to see if such cases are to exhibit a double copy
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structure: In fact the higher-spin 3-pt. amplitudes (2.38), when written in a local form
using polarization tensors, also feature such 1/m terms [41, 87, 88]. On the other hand,
it is true that string theory provides a consistent tower of higher spin states exhibiting
double copy [75]. In fact, on the open string side such states have g = 2 [86] as implied by
the double copy relations [45]. It remains to understand whereas a truncation of the full
string spectrum to only certain higher spin states (for instance by isolating a single Regge
trajectory [86]) is possible.
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A Spinor Double Copy in d = 4
In this appendix we outline the 12 ⊗ 12 construction in d = 4. It is interesting to make
connection with the spinor formalism for massive particles [47] and recently implemented
for double copy in [72]. Let us briefly sketch how our operation will read in such variables.
For this, observe that we can write
Eabµ σ
µ =
√
2
m
|p(a]〈pb)| Eabµ σ˜µ =
√
2
m
|p(a〉[pb)|. (A.1)
where Eabµ is a spin-1 polarization vector, E˜ab·P = 0, with the little group indices {a, b} =
{1, 1}, {2, 2}, {1, 2}. Note its spinors satisfy the Dirac equation
P |pa〉 = m|pa], P˜ |pa] = m|pa〉, (A.2)
where P = Pµσµ and P˜ = Pµσ˜µ. Then it is true that [1a, 1b] = −mab, and 〈1a, 1b〉 = mab
Now, in terms of the Dirac matrices note that
(/P +mI4×4)/E
ab
=
√
2
m
(
mI2×2 P
P˜ mI2×2
)(
0 |1(a]〈1b)|
|1(a〉[1b)| 0
)
, (A.3)
=
√
2
(
|1(a][1b)| |1(a]〈1b)|
|1(a〉[1b)| |1(a〉〈1b)|
)
, (A.4)
=
√
2
(
|1(a]
|1(a〉
)
([1b)| 〈1b)|), (A.5)
=
√
2u(av¯b), (A.6)
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where u and v are Dirac spinors satisfying /Pu = mu, /Pv = −mv, as follows from (A.2).
Note that the spin-1 polarization can be recovered from (A.6) via
Eabµ =
1√
2m
v¯(aγµu
b). (A.7)
In this sense the spin-1 polarization vector is constructed out of spin-12 polarizations,
analogously to the rules (2.34) for higher spins.
We see that in d = 4 the choice of polarizations given by (A.1) turns the product (2.13)
into
X ⊗ Y = v¯(b22 Xu(a11 × v¯b1)1 Y¯ ua2)2 , (A.8)
which is simple multiplication together with symmetrization over the spin-12 states. Since
this operation coincides with the one given in [72] we conclude that the amplitudes for a
spin-1 field will agree in d = 4.
For instance, for one matter line we will write
Agrn (E
a1b1
1 , E
a2b2
2 ) =
∑
α,β
Kαβ
(
AQCDn,α
)
(a1(b2
(
AQCDn,β
)
a2)b1). (A.9)
which exhibits the symmetry properties of the indices explicitly. In particular it can be
used to streamline the argument given in Section 2 for axion pair-production.
In an analogous way to (A.3), in the representation where γ5 =
(
−I2×2 0
0 I2×2
)
, we
have
(/P +mI4×4)γ5 =
(
−mI2×2 |1]a〈1|bab
|1〉a[1|bab mI2×2
)
(A.10)
= u[av¯b]ab . (A.11)
By inserting the projector on the LHS instead of (A.3) into our double copy, we find that
antisymmetrizing little group indices from the Dirac spinors leads to a pseudoscalar. This
antisymmetrization will necesarily require an odd number of axion fields in (A.9). Hence
the axion can be sourced by matter if the Proca field decays to a pseudoscalar, which is
again consistent with the Lagrangian of [72]. Further analysis in general dimensions is done
in the next Appendix.
B Tree-level Unitarity at n = 4
In this appendix we compute the residues of the gravitational amplitude A
1
2
⊗ 1
2
4 . The aim
of this is twofold. On the one hand this checks explicitly that the operation (2.11) defines
a QFT amplitude for n = 4 and outlines the argument for general n. On the other hand,
we want to find the matter fields that propagate in a given factorization channel. For
two dilaton emissions we find only the propagation of the Proca field, which is consistent
with our Lagrangian (3.30). For two axion emissions we find the propagation of tensor
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structures of rank four and five. The former can be interpreted as a pseudoscalar in d = 4.
In general dimension, the propagation of these structures makes it more involved to write
the Lagrangian of the full 12 ⊗ 12 theory including axions.
Consider then the Compton amplitude from the 12 ⊗ 12 theory (2.11)
A
1
2
⊗ 1
2
4 (W1H
µ3ν3
3 H
µ4ν4
4 W
∗
2 ) =
K1324,1324
2bd/2c−1
tr
[
AQCD,µ3µ44,1324 /ε1
(
/p1+m
)
A¯QCD,ν3ν44,1324 /ε2
(
/p2+m
)]
,
(B.1)
where the 4 pt. QCD partial amplitudes are given in (2.20), and the massive KLT kernel
at four points was given in (2.22).
We have claimed that (B.1) defines a tree-level amplitude. First, from the standard argu-
ment it is clear that the RHS is local. Let us then argue that unitarity of the gravitational
amplitude follows from the unitarity of the QCD amplitudes. Consider for instance the
factorization channel 2p1·k3 → 0. We know that in such case the QCD amplitude factorizes
as
AQCD,µ3µ44,1324 →
1
2p1·k3A
QCD,µ3
3,R
(
/p13 −m
)
AQCD,µ43,L + · · · , (B.2)
Analogously, the charge conjugated amplitude factorizes as
A¯QCD,ν3ν44,1324 →
1
2p1·k3 A¯
QCD,ν4
3,L
(
/p13 +m
)
A¯QCD,ν33,R + · · · , (B.3)
This implies that (B.1) behaves as
A
1
2
⊗ 1
2
4 (W1H
µ3ν3
3 H
µ4ν4
4 W
∗
2 )→−
1
2p1·k32bd/2c−1
tr
[
AQCD,µ43,L /ε1
(
/p1+m
)
A¯QCD,ν43,L
(
/p13 +m
)
A¯QCD,ν33,R /ε2
(
/p2+m
)
AQCD,µ33,R
(
/p13 −m
)]
+ · · · ,
(B.4)
We can examine the inner spectrum in the factorization channel by using the Fierz relations
for the product of two matrices M and N [115],
tr[M ×N ] = 1
2bd/2c
[d]∑
J
(−1)|J |
|J |! tr [MΓJ ] tr
[
NΓJ
]
, [d] =
{
d for even d
d−1
2 for odd d
(B.5)
where {ΓJ = I, γα, γα1α2 , · · · , γα1···αd} is the Clifford algebra basis, with α1 < α2 < · · · <
αr. The gravitational amplitude (B.4) then takes the form
− 1
4p1·k322bd/2c−2
[d]∑
J
(−1)|J |
|J |! tr
[
AQCD,µ43,L /ε1
(
/p1+m
)
A¯QCD,ν43,L
(
/p13 +m
)
ΓJ
]
×
tr
[
A¯QCD,ν33R /ε2
(
/p2+m
)
AQCD,µ33,R
(
/p13 −m
)
ΓJ
]
+ · · · ,
(B.6)
Now it is clear that each trace corresponds to the double copy for the 3pt amplitudes,
therefore we have
A
1
2
⊗ 1
2
4 (W1H
µ3ν3
3 H
µ4ν4
4 W
∗
2 )→ −
1
4p1·k3
[d]∑
J
(−1)|J |
|J |! A
1
2
⊗ 1
2
3,L (W1H
µ3ν3
3 ΦJ)×A
1
2
⊗ 1
2
3,R (Φ
JHµ4ν44 W
∗
2 ).
(B.7)
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Hence, we have shown that the gravitational 4-pt. amplitude factorizes into the product
of two 3-pt. amplitudes. Moreover, ΦJ indicates all possible Lorentz structure propagating
in the given factorization channel. We can expand the sum to see the explicit form of
some of these structures propagating in this channel. To do so, first notice that since(
/p13 +m
)
I = p13,αm
(
/p13 +m
)
γα, we can identify the contribution from the terms |J | = 0
and |J | = 1 with the transverse and longitudinal modes of the spin-1 field. With this
consideration (B.7) takes the form
− 1
p1·k322bd/2c
{
tr
[
AQCD,µ43,L /ε1
(
/p1+m
)
A¯QCD,ν43,L
(
/p13 +m
)
γα
]
DW,αβ
tr
[
A¯QCD,ν33,R /ε2
(
/p2+m
)
AQCD,µ33,R
(
/p13 −m
)
γβ
]
+
1
2
tr
[
AQCD,µ43,L /ε1
(
/p1+m
)
A¯QCD,ν43,L
(
/p13 +m
)
γµν
]
η[µαην]βtr
[
¯A,RQCD,ν33 /ε2
(
/p2+m
)
AQCD,µ33,R
(
/p13 −m
)
γαβ
]
+ · · ·
}
,
(B.8)
where
DW,αβ = ηαβ − p13,αp13,β
m2
, (B.9)
and the · · · indicate the terms with higher value of |J |.
A similar analysis can be made at higher multiplicity starting from (2.11). The addi-
tional complication is that we have to deal with the factorization of the KLT kernel Kαβ ,
which is however standard. Once the dust settles we obtain
− 1
2(p2I −m2)22bd/2c−2
[d]∑
J
(−1)|J |
|J |! KαLβLtr
[
AQCDnL,αL/ε1
(
/p1+m
)
A¯QCDnL,βL
(
/pI +m
)
ΓJ
]
×
KαRβRtr
[
A¯QCDnR,βR/ε2
(
/p2+m
)
AQCDnR,βR
(
/pI −m
)
ΓJ
]
+ · · · ,
(B.10)
as p2I → m2, for pI any internal massive momenta. This means that unitarity of A
1
2
⊗ 1
2
n
should follow from that of AQCDn provided we correcltly account for the tensor structures
ΓJ as particles propagating in this channel.
Let us leave the analysis for general multiplicity for future work, and here instead focus
in the internal spectrum at n = 4. Next we consider two such cases and determine the
fields propagating in this channel. The first is the gravitational amplitude for a massive
line emitting two dilatons, whereas the second one corresponds to the amplitude for the
emission of two axions.
Dilaton emission
For this explicit example the sum truncates at |J | = 3. Moreover, it can be checked that
the terms |J | = 2 and |J | = 3 add up exactly to the contributions given by the |J | = 0
and |J | = 1 terms, namely, they account for a propagating spin-1 field. With this in mind,
(B.7) gives
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A
1
2
⊗ 1
2
4 (W1φ3φ4W
∗
2 )→ −
κ2
32p1·k3(d− 2)
[
(d−4) pα1 p3·ε1+2m2εα1
]
DW,αβ
[
(d−4) pβ2 p4·ε2+2m2εβ2
]
.
(B.11)
It can be also checked that the same residue is computed starting from (2.23).
Axion emission
Let us move on to the slightly more complicated example corresponding to the emission of
two axions by a massive line. As we mentioned, the matter spectrum of the 12 ⊗ 12 double
copy can be truncated to massive vector fields once we consider the emission of gravitons
or dilatons, but not axions. On the other hand, via double copy we showed that the matter
line can only produce axions in pairs. An example of this is the four point amplitude for
two axions:
A
1
2
⊗ 1
2
4 (W1B3B4W
∗
2 ) =
1
2bd/2c−1
K1324,1324
(
A
QCD,[µ3
4,1324 [µ4
A¯
QCD,ν3]
4,1324 ν4]
)
B3,µ3ν3
µ4ν4
B4
.
Studying tree-level unitarity in this object leads to consider additional matter fields.
For instance, consider the channel 2p1·k3 → 0 given by (B.7). For two axion emissions, the
sum truncates at |J | = 5. The sum of the contributions for |J | = 0 and |J | = 1 cancels out,
therefore no Proca field will propagate in this channel, as expected since A
1
2
⊗ 1
2
3 (W1BW
∗
2 ) =
0. We can check that the sum of the contributions for |J | = 2 and |J | = 3 equals the sum
of the contributions for |J | = 4 and |J | = 5. Therefore, in this factorization channel there
is the propagation of particles associated to the structures {γµ1,µ2 , γµ1µ2µ3} or equivalently
{γµ1µ2µ3µ4 , γµ1µ2µ3µ4µ5}. The propagation of these structures is what makes more involved
to write down a Lagrangian including the additional fields in general dimension. We leave
this task for future work. In d = 4 however there is a simplification since the form γµ1µ2µ3µ4
can be dualized to a pseudoscalar, whereas the form γµ1µ2µ3µ4µ5 vanishes. The propagation
of this pseudoscalar (as obtained in [72]) was pointed out in the previous Appendix, as
obtained from antisymmetrization of spinors in d = 4.
C N = 4 SUGRA in the form of Nicolai and Townsend
In this Appendix we review the original construction of [116]. There the axion pseudoscalar
was dualized to a two-form at the level of the Lagrangian, i.e. off-shell. The starting point
is the following bosonic action
LN=4 = √g
[
R− 2(∂φ)2 − 2e4φXµXµ − e−2φF IµνFµνI
]
+2µνρσXµAIνF
I
ρσ + 
µνρσBµν∂ρXσ.
(C.1)
Here Bµν acts as a Lagrange multiplier imposing the condition
0 =
δL
δBµν
= µνρσ∂ρXσ. (C.2)
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We can solve such constraint locally by Xµ = ∂µχ (and globally provided certain topological
conditions) and plug it back on the action. Then, χ can be seen as a dynamical pseudoscalar
carrying the degrees of freedom of the axion in four dimensions. The resulting Lagrangian
then reads
LN=4∣∣
Xµ=∂µχ
=
√
g
[
R− 2(∂φ)2 − 2e4φ(∂χ)2 − e−2φF IµνFµνI − 2χF Iµν ? FµνI
]
, (C.3)
where ?FµνI =
1
2
√
g 
µνρσF Iρσ is the Hodge dual. This is the standard form of the N = 4
Supergravity action given in the Einstein frame, introduced in [68, 69]. A small paradox
arises in that from the analysis of the main text we expect to find contact matter interactions
between flavours. However, in this case we have six flavours of photons which only interact
through massless exchanges. The resolution of the paradox is that this is not a well posed
statement, as we will see when integrating out the scalar χ, or more precisely, replacing it
by the two form Bµν . In order to do so we go back to C.1 and solve the field equations of
Xµ instead:
Xµ =
e−4φ
2
√
g
µνρσ
[
AIνFIρσ +
1
6
Hρσν
]
⇒ Xµ = −e
−4φ
2
√
gµνρσ
[
AIνF ρσI +
1
6
Hρσν
]
, (C.4)
where H = dB. Inserting this back in (C.1) gives, after some algebra,
√
g
[
R− 2(∂φ)2 + 3e−4φ(AνIF Iρσ +
1
6
Hνρσ)(AJνF
J
ρσ +
1
6
Hνρσ)− e−2φF IµνFµνI
]
, (C.5)
which leads to the interaction tern ∼ A2F 2. Finally, note that the original Lagrangian
(C.3) is invariant under δAIµ = −∂µξI whereas the dualized one (C.5) seems not to be.
This is reconciled by imposing that Xµ in (C.4) does not change under the U(1)6 gauge
transformations, which in turn can be achieved via
δBµν = 2ξIF
I
µν ⇒ δHµνρ = 6 ∂[µξIF Iνρ] (C.6)
However, after restoring the coupling κ as in the main text we find that δBµν = O(κ)
and hence the gauge symmetry does not shift the asymptotic axion states.
D Testing Amplitudes from CHY-like formulas
To construct the KLT product while taking different traces (Dirac traces or Lorentz traces
for dilatons) can be a cumbersome operation. Hence in this section we will provide CHY-
like formulas that automatically implement double copy and at the same time avoid the
computation of QCD Feynman diagrams. For the case of the 12 ⊗ 12 theory we will more
precisely use the connected prescription (as in [117] for the massless case) which was recently
introduced for massive particles in [64, 65] and unified in [66].
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D.1 The 0⊗ 1 theory
Based on the considerations of the main text it is direct to identify the massless version of
the 0⊗ 1 theory with the extended “Einstein-Maxwell” theory considered in the context of
CHY in [62]. Thus our conjecture is to assign the Lagrangian (3.42) to such construction,
even for the massive case. As a warm-up for the 12 ⊗ 12 case we give an overview on this
construction.
In the CHY formulation [118] the amplitude is obtained by solving the scattering equa-
tions Ei = 0, i = 1, . . . , n, where
Ei :=
∑
j 6=i
2Pi · Pj
σij
, σij = σi − σj (D.1)
These equations feature an SL(2,C) redundancy due to the fact that
∑
j 6=i Pi · Pj = 0
which requires the momenta to be massless P 2i = 0, and in fact only (n− 3) of the Ei’s are
independent. The gravitational and YM amplitudes are given by
Agrn =
∫ ∏n
i=1 dσi
Vol(SL(2,C))
n∏
i=1
′δ(Ei)Pf ′ΨnPf ′Ψ˜n,
AYMn (α) =
∫ ∏n
i=1 dσi
Vol(SL(2,C))
n∏
i=1
′δ(Ei)Pf ′ΨnPT(α)
(D.2)
where the different ingredients are detailed in [60, 61]. Here we just need to recall that the
delta functions δ(Ei) in fact localize the integration to (n− 3)! solutions, hence making it
effectively a sum over Jacobians weighted by the integrands. For AYMn (α) the color ordering
is encoded in the integrand
PT(α) :=
1
(σα1 − σα2) · · · (σαn − σα1)
, (D.3)
whereas the polarization dependence is encoded in the reduced Pfaffian of the matrix Ψ.
The double copy construction (2.11) is already implemented in (D.2): It corresponds to the
replacement of one PT color actor by a second copy of the polarization factor Pf ′Ψ˜n. As
observed in [63] we can directly compactify the polarization vectors in Pf ′Ψ˜n as in (3.1)
obtain the special YMS theory and the Einstein-Maxwell theory.
It was observed in [78] that the massive compactification can be implemented in the
CHY formalism to include up to three massive interacting species.13 In our case we are
solely interested in different species interacting only through massless exchanges. The
corresponding massive scattering equations can be computed by setting the momenta as in
(3.6).
As a preparation for next section let us give a simple example on how the scattering
equations can be naturally adapted for massive particles. For two massive-lines of different
species a, b and no external massless fields, the only independent equation in (D.1) reads
13For a recent generalization of this procedure see [119].
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E1 = q
2 +
s−m2a −m2b
1− σ = 0 =⇒ σ = 1 +
s−m2a −m2b
q2
(D.4)
where q = p1 + p2 and s = (p1 + p3)2 and we have fixed (σ1, . . . , σ4) = (1, 0, σ, a), with
a→∞. It is straightforward to compute the four-massive amplitude M4, we write
M
(0,1)
4 =
∫ ∏4
i=1 dσi
Vol(sl(2,C))
4∏
i=1
′δ(Ei)Pf ′Ψ4Pf ′Ψ˜C4 , (D.5)
=
σ(σ − 1)
q2
lim
a→∞(Pf
′Ψ4a2)(Pf ′Ψ˜C4 a
2), (D.6)
where the factor lima→∞(Pf ′Ψ4a2) is standard [61], whereas the second copy of this factor
simplifies (under (3.1)) to
Pf ′Ψ˜C4 = Pf

0 q
2
σ−a 0 0 0 0
−q2
σ−a 0 0 0 0 0
0 0 0 1 0 0
0 0 −1 0 0 0
0 0 0 0 0 1σ−a
0 0 0 0 −1σ−a 0

=
q2
(σ − a)2 →
q2
a2
. (D.7)
Hence we get to the compact form
M
(0,1)
4 = σ(σ − 1) lima→∞(Pf
′Ψ4a2) =
(s−m2a −m2b)(q2 + s−m2a −m2b)
q2
× lim
a→∞(Pf
′Ψ4a2).
(D.8)
Of course, we have done nothing but to compactify a 4-graviton amplitude to obtain (D.6).
However, at higher points the fact that we do not need to implement the KLT kernel
explicitly turns out to be very efficient for testing our Lagrangian numerically. By including
an external (fat) graviton, we can compute the 5-pt. amplitude M5 in the compactified
version of N =4 SUGRA, whose classical limit matches with the amplitude considered in
Section 4.3.6.
D.2 The 12 ⊗ 12 theory
Recently a rational map formalism has been introduced for 6D (1, 1) SYM Theory [64–66].
This can be understood as an extension of CHY that naturally produces superamplitudes in
six dimensions [120], analogous to the Witten-RSV formalism in four dimensions [121–123].
Under dimensional reduction this theory generates the massive amplitudes of d = 4 SYM
in the Coulomb branch [124]. On the other hand the rational map formula, being of the
CHY type, naturally incorporates the double copy [64].
As for one massive line the Coulomb branch amplitudes coincide with QCD, we can
easily construct the 12 ⊗ 12 amplitudes in this framework. We can also construct the am-
plitudes with two massive lines by applying the projections of [117, 125] (although for this
case we employ the BCJ prescription as in Section 4). The downside is that we will have
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to restrict these checks to d = 4 dimensions. In fact the amplitudes are naturally produced
in the massive spinor-helicity formalism of [47], which we outlined already in appendix A.
For a review of the formalism see [66], which has also explained the equivalence of the
two original formulations in [64, 65]. The massive SYM amplitudes can be written explicitly
as the localized integral
ASYMn (α)δ4(
∑
i
pi)δ(
∑
mi)δ(
∑
m˜i) =
∫
dµ
n∏
i=1
δ2
∑
j 6=i
〈ujui〉
σji
λ1j−λ1i vi−λ1i

× δ2
∑
j 6=i
〈ujui〉
σji
λ˜1j−λ1i vi−λ1i
 det′(H)PT(α)JF
(D.9)
where we have written the measure dµ =
∏
i dσidvid
2uai
vol(SL(2,C)σ×SL(2,C)u) , and p˜i = λ
a
i λ˜
b
iab, omitting
spinor indices (a, b are little-group indices). These satisfy 〈λ1iλ2i 〉 = mi and [λ˜1i λ˜2i ] = m˜i, so
we can obtain massless particles (gluons) by taking λ2i = λ˜
1
i = 0. The equations localizing
the integration are named Polarized Scattering Equations [65, 126] and imply the (massive)
scattering equations of the previous subsection. In the following we will take the volume
form to be
vol(SL(2,C)σ × SL(2,C)u) = dσ1dσ2dσ3d2ua1du13 × σ12σ23σ31u11〈u1u3〉 (D.10)
We will also need to define the matrix
Hij =

〈λ1i λ1j 〉−[λ˜iλ˜j ]
σij
i 6= j,
− 1
u2i
∑
k 6=i
u2k〈λ1i λ1k〉−u2k[λ˜iλ˜k]
σik
i = j,
(D.11)
and det′(H) = det(H12,12)〈u1u2〉2 where H12,12 corresponds to H with the first and second rows
and columns deleted. The remaining object in the integrand is JF , which depends on the
external fields we are considering. For one matter line of massive fermions emitting gluons
it is obtained via the Grassman integration
J
s= 1
2
F =JF (ψ
a1g±2 · · · g±n−1ψ¯b1)=
∫ ∏
i
d4ηaIi × (η1,21 η2,21 ηa1,11 ηb1,12 )
∏
r∈+
η2,1r η
2,2
r
∏
s∈−
η1,1s η
1,2
s
×
n∏
i=1
δ2
∑
j 6=i
〈ujui〉
σji
η1,Ij −η1,Ii vi−η1,Ii

(D.12)
where r(s) range over the positive (negative) helicity gluons. Implementation of this Jaco-
bian is relatively direct using the Mathematica package MatrixEDC. 14 The advantage is
14The package is available at http://library.wolfram.com/infocenter/MathSource/683.
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that we can now implement double copy of this object directly, instead of writing the KLT
expansion and projecting into the states. It is obtained by the replacement of the integrand
det′(H)PT(α)Js=
1
2
F → det′(H)2Js=1F , (D.13)
where
Js=1F =JF (W
a1a2H2· · ·Hn−1W¯ b1b2)=
∫ ∏
i
d4ηaIi d
4η˜aIi (η
1,2
1 η
2,2
1 η
a1,1
1 η
b1,1
2 )(η˜
1,2
1 η˜
2,2
1 η˜
a1,1
1 η˜
b1,1
2 )∏
t
[
η2,1j η
2,2
j η˜
1,1
j η˜
1,2
j + η˜
2,1
j η˜
2,2
j η
1,1
j η
1,2
j
] ∏
r∈+
η2,1r η
2,2
r η˜
2,1
r η˜
2,2
r
∏
s∈−
η1,1s η
1,2
s η˜
1,1
s η˜
1,2
s
n∏
i=1
δ2
∑
j 6=i
〈ujui〉
σji
η˜1,Ij −η˜1,Ii vi−η˜1,Ii
 n∏
i=1
δ2
∑
j 6=i
〈ujui〉
σji
η1,Ij −η1,Ii vi−η1,Ii

(D.14)
where r(s) range over the positive (negative) helicity gravitons and t ranges over the dilaton
states. Despite the various ingredients in the formula, the implementation in Mathematica
is relatively fast. For instance, we are mostly interested in the pure dilaton case as it
enables us to check the exponentials in (3.30): For n = 5, that is A(
1
2
, 1
2
)
5 (W1φ2φ3φ4W¯5), the
computation of Js=1F is readily automated and takes about 15 minutes to perform.
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